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w Chapter Preface

A1.1 ABOUT THIS MANUAL

This manual is Volume A, the first in a series of six volumes documenting the MARC Finite
Element program. The documentation of the MARC program is summarized below. You will
find references to these documents throughout this manual

MARC Program Documentation

TITLE VOLUME
MARC User Information Volume A
MARC Element Library Volume B
MARC Program Input Volume C
MARC User Subroutines Volume D
MARC Demonstration Problems Volume E
MARC Background Papers Volume F

A1.2 PURPOSE OF VOLUME A

The purpose of this volume is three-fold:

1. To help you define your finite element problem by describing MARC’s capabilities to
model physical problems.

2. To identify and describe complex engineering problems and introduce MARC’s scope
and capabilities for solving these problems; and

3. To assist you in accessing the MARC program features that are applicable to your
particular problems and to provide you with references to the rest of the MARC
literature.
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A1.3 CONTENTS OF VOLUME A

This volume describes how to use the MARC program. It explains the capabilities of the
MARC program and gives pertinent background information. The principal categories of
information are found under the following chapter titles:

1. Introduction
Program initiation
Data entry
Mesh definition

2

3

4

5. Structural procedure library
6. Material library

7. Element library

8. Boundary conditions

9. Output results

10. Plotting capabilities

The information in this manual is both descriptive and theoretical. You will find engineering
mechanics discussed in some detail. You will also find specific instructions for operating the
various options offered by MARC.

A14 HOW TO USE THIS MANUAL

Volume A organizes the features and operations of the MARC program sequentially. This
organization represents a logical approach to problem solving using Finite Element Analysis.
First, the database is entered into the system, as described in Chapter 3. Next, a physical
problem is defined in terms of a mesh overlay. Techniques for mesh definition are described in
Chapter 4. Chapter 5 describes the various structural analyses that can be performed by MARC,
while Chapter 6 describes the material models that are available in MARC. Chapter 7 explains
the type of elements that may be used to represent the physical problem. Chapter 8 discusses
constraints, in the form of boundary conditions. Finally, the results of the analysis, in the form
of outputs and plots, are described in Chapters 9 and 10.

This volume is also designed as a reference source. This means that all users will not need to
refer to each section of the manual with the same frequency or in the same sequence.
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w Chapter 1 THE MARC SYSTEM

The MARC system contains a series of integrated programs that facilitate analysis of
engineering problems in the fields of structural mechanics, heat transfer, and electromagnetics.
The MARC system consists of the following programs:

* MARC

* MESH3D

* MARC-PLOT
* MARC-PIPE
* MENTAT

These programs work together to:

* Generate geometric information that defines your structure (MARC, MESH3D, PIPE,
and Mentat)

* Analyze your structure (MARC)
e Graphically depict the results (MARC, MARC-PLOT, and Mentat)

Figure A 1.0-1 shows the interrelationships among these programs. Section A 1.1, MARC
PROGRAMS, discusses the MARC component programs.
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Pre-Processing : MESH3D MENTAT MARC-PIPE

Analysis MARC

Post-Processing MENTAT MARC-PLOT

Figure A1.0-1 The MARC System
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A1.1 MARC PROGRAMS

MARC

You can use MARC to perform linear or nonlinear stress analysis in the static and dynamic
regimes and to perform heat transfer analysis. The nonlinearities may be due to either material
behavior, large deformation, or boundary conditions. An accurate representation accounts for
these nonlinearities.

Physical problems in one, two, or three dimensions may be modeled using a variety of
elements. These elements include trusses, beams, shells, and solids. Mesh generators, graphics,
and post-processing capabilities, which assist you in the preparation of input and the
interpretation of results, are all available in the MARC system. The equations governing
mechanics and implementation of these equations in the finite element method are discussed in
the Appendix.

MESH3D

The mesh generating program, MESH3D, automatically generates three-dimensional mesh
data, using either 8-node or 20-node brick elements. The output from the program consists of
the three coordinates of each node and the connectivity of each element. This output can
subsequently be used in MARC program analyses. MESH3D plotting capabilities allow you to
view the generated mesh with hidden lines deleted.

MARC-PLOT

MARC-PLOT is a post-processor plotting program. It provides time history, as well as
variable-versus-variable history plotting. As input, MARC-PLOT uses the post-tape written by
MARC. You can plot any number of variables together as functions of time, increment number,
or another variable. You can also generate several plots in a single job.

MARC-PIPE

MARC-PIPE is used to generate a mesh for analyzing a piping system consisting of straight
and curved (elbow) sections. You can describe the system in simple terms in the input for
MARC-PIPE. The output consists of the CONNECTIVITY and COORDINATE data, followed by
the TYING data written on a tape. MARC can use this data to perform stress analyses.

Mentat

This program is an interactive computer program that prepares and processes data for use with
the finite element method. Interactive computing can significantly reduce the human effort
needed for analysis by the finite element method. Graphical presentation of data further reduces
this effort by providing an effective way to review the large quantity of data typically
associated with finite element analysis.

An important aspect of this program is that you can interact directly with the program. The
program verifies keyboard input and returns recommendations or warnings when it detects
questionable input. The program checks the contents of input files and generates warnings
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about its interpretation of the data if the program suspects that it may not be processing the data
in the manner in which you, the user, have assumed. This program allows the user to
graphically verify any changes the input generates.

The Mentat program can process both two- and three-dimensional meshes to do the following:

* Generate and display a mesh
* Generate and display boundary conditions and loadings
* Perform post-processing to generate contour, deformed shape, and time history plots

The data that is processed includes:

* Nodal coordinates

* Element connectivity

* Nodal boundary conditions

* Nodal coordinate systems

* Element material properties

* Element geometric properties

* Element loads

* Nodal loads/nonzero boundary conditions
* Element and nodal sets
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A1.2 STRUCTURE OF MARC

The MARC program has four comprehensive libraries, making the program applicable to a
wide range of uses. These libraries contain structural procedures, materials, elements, and
program functions. The contents of each library are described below.

Procedure Library

The structural procedure library contains procedures such as static analysis, dynamic analysis,
creep, buckling, and heat transfer.

The procedure library conveniently relates these various structural procedures to physical
phenomena while guiding users through modules that allow, for example, nonlinear dynamic
and heat-transfer analyses.

Material Library

The material library includes many material models that represent most engineering materials.
Examples are the inelastic behavior of metals, soils, and rubber material. Many models exhibit
nonlinear properties such as plasticity, viscoelasticity, and hypoelasticity. Linear elasticity is
also included. All properties may depend on temperature.

Element Library

The element library contains approximately 140 elements. This library lets you describe any
geometry under any linear or nonlinear loading conditions.

Program Function Library

The program functions such as selective assembly, user-supplied subroutines, and restart, are
tailored for user-friendliness and are designed to speed up and simplify analysis work. MARC
allows you to combine any number of components from each of the four libraries and, in doing
so, puts at your disposal the tools to solve almost any structural mechanics problem.
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A1.3 FEATURES AND BENEFITS OF THE MARC PROGRAM

Since the mid-1970s, the MARC program has been recognized as the premier general purpose
program for nonlinear finite element analysis. The program’s modularity leads to its broad
applicability. All components of the structural procedure, material, and element libraries are
available for use, allowing virtually unlimited flexibility and adaptability.

The MARC system has helped analyze and influence final design decisions on

* Automotive parts * Electronic components
* Nuclear reactor housings * Steam-piping systems
* Biomedical equipment * Engine pistons
* Offshore platform components * Tires
* Coated fiberglass fabric roof * Jet engine rotors
structures * Welding, casting, and quenching
* Rocket motor casings processes
¢ Ship hulls * Large strain metal extrusions

¢ Elastomeric motor mounts

* Space vehicles

MARC’s clients gained the following benefits not attainable through other numerical or
experimental techniques. These benefits include:

* Accurate results for both linear and nonlinear analysis
* Better designs, which result in improved performance and reliability

* The ability to model complex structures and to incorporate geometric and material
nonlinear behavior

* Documentation, technical support, consulting, and education provided by MARC
* Availability of MARC on most computers from workstations to supercomputers
* Efficient operation

* Availability of MARC programs to lease for in-house computers or access through a
data center

Al-6 Rev. K.6



Volume A: User Information

A1.4 MARC K6

Adaptive Meshing

An adaptive meshing capability has been developed for both linear and nonlinear analysis. The
capability is available for 2D and 3D linear elements, triangles, quadrilaterals, tetrahedrals,
hexahedrals, and shell elements. The capability may be used for structural analysis or heat
transfer analysis. The support of other procedures will be added in subsequent releases. Over
ten different error criteria are supported, and the user may select multiple criteria in an analysis.
Special capabilities exist for contact which result in mesh redefinition whenever contact occurs.

Contact

The contact analysis capability has been significantly enhanced to allow the support of
analytical contact surfaces. Circles, cylinders, and spheres are treated as exact quadratic
surfaces. Other surfaces are modelled using NURBS. This capability improves both the
accuracy and the convergence characteristics of the analysis. All Mentat generated surfaces
may be supported by using NURBS.

Adaptive Time Stepping

The adaptive time stepping procedure AUTO INCREMENT may now be used with CONTACT
analysis. This allows for better control of the time stepping when local buckling occurs. The
AUTO TIME option has also been improved for CONTACT analysis.

Rigid Plastic Flow

The rigid plastic (R-P FLOW) capability has been rewritten with particular emphasis on sheet
metal forming. An implicit-explicit approach is used to integrate the constitutive relation. This
option has been expanded to support plane stress analyses. The thinning of the sheet is exactly
treated to ensure no volumetric changes.

Membrane
The membrane element type 18 has been rewritten. It now gives better performance at a
reduced cost.

New Shell

A new six-noded triangular shell element has been added. This element is based on a thin shell
formulation that allows large rotations. The associated heat transfer element has also been
added.

Follower Force

The follower force stiffness contribution may now be included in the calculation. This
improves both the accuracy and stability of those analyses involving large deformation with
follower force type loads. Follower force stiffness is available for the lower order continuum
elements and shells (type 72 and type 75) and the membrane element type 18.
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Convection
The heat transfer capability has been expanded to include convection. The user can either
define a velocity history or the program will calculate it in a couple analysis.

Foam Model

A foam model has been added to the program. This model allows large elastic volumetric and
shear strains. The curve fitting program has been updated to generate material properties for
this model.

Explicit Dynamics

The explicit dynamics capability has been rewritten. The new procedure allows a variable time
step. The time step is adjusted to ensure that the maximum stable time step is used. Analytical
mass matrices are used for the lower order elements. The storage requirements have been
considerably reduced.

Sparse Direct Solver

A new direct matrix solver using sparse matrix storage has been included. Both an in-core and
an out-of-core memory capability is available. This procedure uses significantly less memory,
and for many problems has improved computational performance.

Reduced Memory Requirements

The memory requirements for element storage has been reduced by 20% to 40%.

Coriolis Effects

Coriolis stiffness/damping effects may now be included. This is in addition to the centrifugal
effects that were available in previous releases.

Wave Loading
A wave loading capability on beams/pipes has been added. Both the fluid drag and the
buoyancy loads are included. This is available for both quasi-static and dynamic analyses.
Thermal Loads
Thermal loads may now be entered at the nodal points. This complements the previous
capability where the thermal loads had to be entered at the integration points.
Base Motion

Base motion time histories of acceleration may now be prescribed.

Generalized Newmark Operator

The alpha and beta parameters associated with second order methods (Newmark-beta) may
now be prescribed. This allows advanced users the ability to tune the dynamic operator for
preferred damping/accuracy.
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w Chapter 2 PROGRAM INITIATION

Chapter 2 explains how to execute the MARC program on your computer. MARC runs on
many types of machines. All MARC capabilities are available on each type of machine;
however, program execution may vary among machine types. The allocation of computer
memory depends on the hardware restrictions of the machine you are using. There is no limit
to the size of the analysis that may be performed by MARC other than the limit imposed by
your computing resources.
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A2.1 MARC HOST SYSTEMS

The MARC program will run on most computers. Table A 2.1-1 summarizes the types of
machines and operating systems on which MARC will currently run.

Table A 2.1-1 MARC Computer Versions

Computer Machine Type Operating System
AMDAHL All machines MVS
APOLLO DN 3000, 4000 UNIX
CONVEX All machines UNIX
CRAY YMP, C90 UNICOS
DEC/VAX All machines VAX/NMS
DEC/3100/5000 All machines ULTRIX
DEC/ALPHA OSF
FUJITSU M-Series IVIF4
HEWLETT-PACKARD HP9000 HP-UX
HITACHI M-Series VOS2, VOS3
IBM All machines in 370 family MVS/XA
All machines in 30XX family
All machines in 43XX family CMS/XA
IBM RS6000 AIX
INTERGRAPH C300, C400 UNIX
SILICON GRAPHICS All machines UNIX
SUN All machines UNIX
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A222 WORKSPACE REQUIREMENTS

Computing the amount of workspace required by the MARC program is a complex function of
many variables. The most efficient method is to select a large enough workspace to handle a
variety of runs, without sacrificing efficiency or wasting core space. The following sections
discuss workspace requirements for the MARC program.

MARC Workspace Requirements

Both in-core and out-of-core data storage schemes are available in the MARC program.
Elements may also be stored out-of-core if you use the ELSTO option. Therefore, this program
presents some unique complications in the estimation of sizing. The program has both an in-
core and out-of-core solver. The MARC program chooses the solution type automatically.

There are two out-of-core storage options in the MARC program. These options are:

* Out-of-Core Element Data storage
* Out-of-Core Solution

The Out-of-Core Element Data option stores element arrays (strains, stresses, temperatures,
etc.) on an auxiliary device. Data connected with storage of all element quantities occupy a
large amount of space for the more complex shell or three-dimensional elements. Putting these
data in secondary storage does not cause long I/O times and allows a savings of core storage.
To use this option, set the ELSTO parameter option. This information is written to Unit 3.

The Out-of-Core Solution is invoked automatically, as required. Data related to the master
stiffness matrix occupy the most space and have significant effect on the I/O time. In many
problems, there is insufficient memory to store the complete stiffness matrix in the core
memory. In such cases, the program automatically selects the out-of-core solution procedure.
When the direct solver is used, MARC uses a Gaussian elimination procedure with a blocked
skyline storage technique for solving the stiffness matrix. The program tries to fit as much of
the full system as possible into the core memory. The minimal necessary workspace equals

2*HBN*NDEG* TF

where HBW is the maximum nodal half-bandwidth and NDEG is the maximum number of
degrees-of-freedom per node. The IF value varies depending on your system:

IF = 1 for CRAY
IF = 2 for all other machines

If the program uses the out-of-core solution, the output includes a graphical representation of
the profile of the stiffness matrix.
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You should optimize the nodal bandwidth for all nontrivial problems. The stiffness matrix
requires approximately the following amount of memory:

NUMNP*NDEG* AHBAANDEG* IF
where:

NOM\P = rmumber of nodes in the structure
NDEG = runber of degrees-of-freedam per node
AHBN = average nodal half-bandwidth

IF = 1 for CRAY

IF = 2 for all other machines

On machines with small core memory, you should use a workspace of 50,000 words for
problems of less than 1,000 degrees-of-freedom. When the problem size is between 1,000 and
3,000 degrees-of-freedom, increase the workspace to 100,000 words and flag ELSTO in the
MARC parameter options. When you analyze a problem of more than 3,000 degrees-of-
freedom, flag ELSTO and allocate between 100,000 and 1,000,000 words. On many systems,
especially those running under virtual operating systems, using more memory does not make
running a job more expensive. Therefore, on these systems, you can be more liberal in
allocating workspace than when you pay for memory resident time. On virtual operating
systems, it is almost always more efficient to run in-core than out-of-core and to avoid the
ELSTO option.

For large problems, you may want to see the exact workspace requirements for running a job,
without actually executing the analysis. To do this, insert the STOP parameter option to exit the
program normally after the workspace is allocated. The allocated workspace is based on the
optimized bandwidth if you request the OPTIMIZE option in the model definition section.

MESH3D Workspace Requirements

The MESH3D program requires a workspace of approximately 30,000 words because of the
large amount of temporary storage space needed to process a mesh. This 30,000-word
workspace will handle almost all 8-node and 20-node brick runs in- core. For larger runs (that
is, over 1,500 nodes), increase the workspace to approximately 40,000 words as a first try.
Adjust this figure if necessary. The actual size needed is printed in the MESH3D output.

MARC-PIPE Workspace Requirements

The MARC-PIPE program is constructed so that the workspace covers all but the largest runs.
The program executes in a small workspace; therefore, an over- estimated workspace will not
increase costs noticeably.

MARC-PLOT Workspace Requirements

The MARC-PLOT program is designed to operate in a workspace sufficient for any possible
run; therefore, allocation of workspace is not a concern.
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A 2.3 FILE UNITS

The MARC program uses auxiliary files for data storage in various ways. Particular
FORTRAN unit numbers are used for certain program functions (for example, ELSTO,
RESTART). Table A 2.3-1 lists these file unit numbers.

NOTE

On most systems, these files are references by file names, as well
as by the file unit numbers.

Several of these files are necessary for solving most problems. The program input file and
program output file are always required.

On most computer systems (excluding IBM), you do not need to allocate file space, because
the operating system does this automatically.

ELSTO and out-of-core solution use direct (random) access files. Therefore, you must take
additional precautions when using IBM-compatible machines (AMDAHL, FUIJITSU,
HITACHI) under the MVS or CMS operating systems.
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Table A 2.3-1 File Units

Ui(i:F:‘E:l:lAbgr Purpose Format
1 Mesh generation input/output Card image
2 Out-of-core solution Unformatted
3 ELSTO Unformatted
4 Plot output file Unformatted
5 Input file Card image
6 Output file Line printer
7 Dummy/logfile Formatted
8 RESTART output Unformatted
9 RESTART input Unformatted
10 Dummy
11 Out-of-core solution Unformatted
12 Out-of-core solution Unformatted
13 Out-of-core solution Unformatted
14 Out-of-core solution Unformatted
15 Out-of-core solution - Lanczos Unformatted
16 POST output Unformatted
17 POST input Unformatted
18 Optimization Formatted
19 POST output Formatted
20 POST input Formatted
21 Dummy
22 Fluid/solid interaction - Lanczos Unformatted
23 Lanczos Unformatted
24 Temperature input Formatted
25 Temperature input Unformatted
31 Substructures Data Base Unformatted

A2 -6
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A2.4 PROGRAM INITIATION

Volume C, Chapter 9 of the MARC User’s Manual describes the procedure required for
executing MARC programs on different computer systems. Chapter 9 also presents examples
of executing MARC with and without user subroutines.

Procedures are set up that facilitate the execution of MARC on most computers. These
procedures invoke machine-dependent control or command statements. These statements
control the file or files associated with a job. If files other than default files are to be used, you
must provide additional job control information.
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w Chapter 3 DATA ENTRY

The input data structure is made up of three logically distinct sections:

1. Parameter options describe the problem type and size.
2. Model definition options give a detailed problem description.
3. History definition options define the load history.

Input data is organized in (optional) blocks. Key words identify the data for each optional
block. This form of input enables you to specify only the data for the optional blocks that you
need to define your problem. The various blocks of input are “optional” in the sense that many
have built-in default values which may be used by MARC in the absence of any explicit input
from the user.
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A 3.1 INPUT CONVENTIONS

The MARC program performs all data conversion internally so that the system will not abort
because of data errors made by the user. The program reads all input data options
alphanumerically (80A1) and converts them to integer, floating point, or keywords, as
necessary. The program issues error messages and displays the illegal option image if it cannot
interpret the option data field according to the specifications given in the manual. When such
errors occur, the program attempts to scan the remainder of the data deck and ends the run with
an exit error message at the END OPTION option or at the end of the input file.

Two input format conventions can be used: fixed and free format. You may mix fixed and free
format options within a deck, but you may only enter one type of format on a single option.

The syntax rules for fixed fields are as follows:
* You must right-justify integers in their fields. (The right blanks are filled with zeroes).

* Give floating point numbers with or without an exponent. If you give an exponent, it
must be preceded by the character E or D and must be right-justified.

The syntax rules for free fields are as follows:

* Check that each option contains the same number of data items that it would contain
under standard fixed-format control. This syntax rule allows you to mix fixed-field and
free-field options in the data deck because the number of options you need to input any
data list will be the same in both cases.

* Separate data items on a option with a comma. The comma can be surrounded by any
number of blanks. Within the data item itself, no embedded blanks may appear.

* Give floating point numbers with or without an exponent. If you given an exponent, it
must be preceded by the character E or D and must immediately follow the mantissa
(no embedded blanks).

* Give keywords exactly as they are written in the manual. Embedded blanks do not
count as separators here (for example, BEAM SECT is one word only).

* If a option contains only one free-field data item, follow that item with a comma. For
example, the number “1” must be entered as “1,” if it is the only data item on a option.
If the comma is omitted, the entry will be treated as fixed format and may not be
properly right-justified.

A3 -2 Rev. K.6



Volume A: User Information

Input of List of items

The MARC program often requests that you enter a list of items in association with certain
program functions. As an example, these items may be a set of elements as in the PROPERTY
option, or a set of nodes as in the POINT LOAD option. Six types of items can be requested:

Element numbers

Node numbers
Degree-of-freedom numbers
Integration point numbers
Layer numbers

Increment numbers

This list can be entered using either the OLD format (compatible with the G, H, and J versions
of MARC) or the NEW format (the K version).

Using the OLD format, you can specify the list of items in three different forms. You can
specify:

1.

A range of items as:
mnp

which implies items m through n by p. If p is not specified, the program assumes it is 1.
Note that the range can either increase or decrease.
A list of items as:

-najapaz... a,

which implies that you should give n items, and they are a ....a .

A set name as:
MYSET

which implies that all items previously specified in the set MYSET are used. Specify the
items in a set using the DEFINE model definition option.

Using the NEW format, you can express the list of items as a combination of one or
more sublists. These sublists can be specified in three different forms. The following
operations can be performed between sublists:

AND
INTERSECT
EXCEPT

When you form a list, subsets are combined in binary operations (from left to right). The
following lists are examples.

1.

Rev. K.6

SUBLIST1 AND SUBLIST2

This list implies all items in subsets SUBLIST1 and SUBLIST2. Duplicate items are
eliminated and the resulting list is sorted.

SUBLIST1 INTERSECT SUBLIST2
This list implies only those items occurring both in subsets SUBLIST1 and SUBLIST2;
the resulting list is sorted.
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3. SUBLIST1 EXCEPT SUBLIST2

This list implies all items in subset SUBLIST1 except those which occur in subset
SUBLIST2; the resulting list is sorted.

4. SUBLIST1 AND SUBLIST2 EXCEPT SUBLIST3 INTERSECT SUBLIST4

This list implies the items in subsets SUBLIST1 and SUBLIST2 minus those items that
occur in subset SUBLIST3. Then, if the remaining items also occur in subset SUBLIST4,
they are included in the list.

SUBLISTS can have several forms. You can specify:

1. Arange of items as:

mTOnBYp
or
m THROUGH n BY p

which implies items m through n by p. If “BY p” is not included, the program assumes
“BY 1”. Note that the range can either increase or decrease.

2. Astring of items as:
a1 ap az ... a,

which implies that n items are to be included. If continuation options are necessary,
then either a C or CONTINUE should be the last item on the option.

3. A set name as:
MYSET

which implies that all items you previously specified to be in the set MYSET are used.
You specify the items in a set using the DEFINE option.

NOTE

INTERSECT or EXCEPT may not be used when defining lists of degrees-
of-freedom.
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Examples of Lists
This section presents some examples of lists and entry formats.

Use the DEFINE model definition option to associate a list of items with a set name with items.
Three sets are defined below: FLOOR, NWALL, and WWALL.

* DEFINE NODE SET FLOOR contains:
1TO 15 (1,2,3,4,5,6,7,8,9,10,11,12,13,14,15)
* DEFINE NODE SET NWALL contains:
5TO 15BY 5SAND 20 TO 22 (5,10,15,20,21,22)
* DEFINE NODE SET WWALL contains:
11 TO 20 (11,12,13,14,15,16,17,18,19,20)
Some possible lists are:
* NWALL AND WWALL, which would contain nodes:
510111213 14151617 18 192021 22
e NWALL INTERSECT WWALL, which would contain nodes:
1520
e NWALL AND WWALL EXCEPT FLOOR, which would contain nodes:
16 17 1920 21 22
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A3.2 PARAMETER OPTIONS

This group of options allocates the necessary working space for the problem and sets up initial
switches to control the flow of the program through the desired analysis, This set of input
options must be terminated with an END option, The input format for these options is described
in Volume C, Section 2.
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A 3.3 MODEL DEFINITION OPTIONS

This set of data options enters the initial loading, geometry, and material data of the model and
provides nodal point data, such as boundary conditions. Model definition options are also used
to govern the error control and restart capability. Model definition options can also specify
print-out and post-processing options. The data you enter on model definition options provides
the program with the necessary information for determining an initial elastic solution (zero
increment solution). This group of options must be terminated with an END OPTION option. The
input format for these options is described in Volume C, Section 3.
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A 3.4 HISTORY DEFINITION OPTIONS

This group of options provides the load incrementation and controls the program after the
initial elastic analysis. History definition options also include blocks which allow changes in
the initial model specifications. Each set of load sets must be terminated with a CONTINUE
option. This option requests that the program perform another increment or series of increments
if you request the auto- incrementation features. The input format for these options is described

in Volume C, Section 5.
A typical input deck setup for the MARC program is shown below.

* MARC Parameter Options
Terminated by an END option

* MARC Model Definition Options
(Zero Increment)
Terminated by an END OPTION option

* MARC History Definition
cards for the First Increment
Terminated by a CONTINUE option

* (Additional History Definition
Option for the second, third, ..., Increments)

Figure A 3.1-1 is a dimensional representation of the MARC input deck.

A3 -8
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Figure A3.1-1 The MARC Input Deck
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A3.5 MESH AND OUTPUT DISPLAY OPTION

When the MESH PLOT parameter option is inserted into the input deck, the program expects to
read some selection of the mesh display options to control the plots. These options must
immediately follow either the END OPTION option or a load incrementation CONTINUE option.
You can generate any number of plots. A CONTINUE option ends the definition of an individual
plot; an END PLOT option indicates the end of the current series of plots; a flag on the second
option of the END PLOT set determines if the program will continue to perform an analysis or
if it should stop after generating the plots. The input format for these options is described in
Volume C, Chapter 4. It is recommended that graphical pre- and post-processing be performed
interactively using Mentat.
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A3.6 REZONING OPTION

When the REZONE parameter option is inserted into the input deck, the program reads some
selection of the rezoning option options to control the rezoning steps. These options must
immediately follow the END OPTION option, a history definition CONTINUE option, or a mesh
plot END PLOT option.

You may select as many rezoning steps in one increment as you need. Every rezoning step is
defined by the data, starting with the REZONE option and ending with the CONTINUE option.
The END REZONE option terminates the complete set of rezoning steps that form a complete
rezoning increment. Follow the rezoning input with either a mesh plot option (if parameter
option MESH PLOT is present), with normal history definition data, or again by rezoning data.
The input format for these options is described in Volume C, Chapter 5A.
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A3.7 SUBSTRUCTURE

The MARC program is capable of multi-level substructuring that includes:
* Generation of superelements
* Use of superelements in subsequent MARC analyses

* Recovery of solutions (displacements, stresses, and strains) in the individual
substructures

Each step can be done in an individual run, or an unlimited number of steps can be combined
into a single run.

During superelement generation, you can create a complete new superelement or copy a
previously defined superelement with identical or newly defined external load conditions.

During the use of superelements, you can rotate or mirror a single superelement. If the run is
nonlinear, the superelements are treated as linear elastic parts. In this case, you can choose to
perform a detailed analysis of certain superelements at any increment by descending down to
the desired superelements. The load on the substructure can be controlled with the normal
MARC control algorithms (AUTO INCREMENT, AUTO LOAD, and PROPORTIONAL
INCREMENT).
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Chapter 4 INTRODUCTION TO
w MESH DEFINITION

This chapter describes the techniques for mesh definition that are available internally in
MARC. Mesh definition is the process of converting a physical problem into discrete geometric
entities for the purpose of analysis. Before a body can undergo finite element analysis, it must
be modeled into discrete physical elements. An example of mesh definition is shown in
Figure A 4.0-1.

Figure A 4.0-1 Structure with Finite Element Mesh

Mesh definition encompasses the placement of geometric coordinates and the grouping of
nodes into elements. For MARC to have a valid mesh definition, the nodes must have
geometric coordinates and must be connected to an element.
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First, describe the element by entering the element number, the element type, and the node
numbers that make up the element.

Next, enter the physical coordinates of the nodal points.

NOTE

You do not need to enter element numbers and node numbers
sequentially or consecutively.
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A4.1 DIRECT INPUT

You must enter two types of data into MARC for direct mesh definition: connectivity data,
which describes the nodal points for each element, and coordinate data which gives the spatial
coordinate of each nodal point. This section describes how to enter this data.

Element Connectivity Data

You can enter connectivity data from either the input option deck (FORTRAN unit 5) or from
an auxiliary file. Several blocks of connectivity can be input. For example, the program can
read one block from tape and subsequently read a block from the input option deck. Each block
must begin with the word CONNECTIVITY. In the case of duplicate specification, the MARC
program always uses the data that was input last for a particular element.

Enter the nodal points of two-dimensional elements in a counter-clockwise order. Figure A 4.1-1
illustrates correct and incorrect numbering of element connectivity data.

4 3 2 3
Y,R
1 2 1 4
X,Z
Correct Numbering Incorrect Numbering

Figure A4.1-1 Correct/Incorrect Numbering of Two-Dimensional Element Connectivity
of 4-Node Elements

When there are eight nodal points on a two-dimensional element, number the corner nodes 1
through 4 in counter-clockwise order. The midside nodes 5 through 8 are subsequently
numbered in counter-clockwise order. Figure A 4.1-2 illustrates the correct numbering of
element connectivity of 8-node elements.
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YR 4 7 3
X,z 8¢ 16
1 5 2

Figure A4.1-2 Numbering of Two-Dimensional Element Connectivity for 8-Node Quadrilateral
Elements

Lower-order triangular elements are numbered using the counter-clockwise rule.

X,R 3

X,Z

Figure A4.1-3 Numbering of 3-Node Triangular Element

Note that quadrilateral elements may be collapsed into triangular elements by repeating the last
node.

The higher order triangular elements have six nodes, the corner nodes are numbered first in a
counter-clockwise direction. The midside nodes 4 through 6 are subsequently numbered as
shown in Figure 4.1-4.
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Figure A4.1-4 Numbering of 6-Node Triangular Element

Number three-dimensional elements in the same order as two-dimensional elements for each
plane. Enter nodes for an 8-node brick in counter-clockwise order as viewed from inside the

element. First, enter nodes comprising the base, then enter ceiling nodes as shown in
Figure A 4.1-5.

8 7
t
[]
1
0
7 t
1
1\ 5 ' 6
]
]
]
4}----. __________ b3
rd
,/
> Y e
Pd
I'd
V4
P
7
7
X Vad
1 2

Figure A4.1-5 Numbering of Element Connectivity for 8-Node Brick

A 20-node brick contains two 8-node planes and four nodes at the midpoints between the two
planes. Nodes 1 through 4 are the corner nodes of one face, given in counter-clockwise order
as viewed from within the element. Nodes 5 through 8 are on the opposing face; nodes 9
through 12 are midside nodes on the first face, while nodes 13 through 16 are their opposing
midside nodes. Finally, nodes 17 through 20 lie between the faces with node 17 between 1 and
5. Figure A 4.1-6 illustrates the numbering of element connectivity for a 20-node brick.
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Figure A4.1-6  Numbering of Three-Dimensional Element Connectivity for 20-Node Brick

The four node tetrahedral is shown in Figure A 4.1-7.

Figure A4.1-7 Numbering of Four-Node Tetrahedral

The ten-node tetrahedral is shown in Figure A 4.1-8. The corner nodes 1-4 are numbered first.
The first three mid-side nodes occur on the first face. Nodes 8, 9, and 10 are between nodes 1

and 4, 2 and 4, and 3 and 4, respectively.
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Figure A4.1-8 Numbering of Ten-Node Tetrahedral

Nodal Coordinate Data

You can enter nodal coordinates directly from the input option deck (FORTRAN unit 5) or from
an auxiliary file. You can enter several blocks of nodal coordinate data in a deck. In the case of
duplicate specification, the program uses data that was entered last for a particular nodal point
in the mesh definition.

Direct nodal input can be used to input local corrections to a previously generated set of
coordinates. These options give the modified nodal coordinates.

The CYLINDRICAL option may be used to transform coordinates given in a cylindrical system
to a cartesian system.

NOTE

MARC requires the final coordinate data in terms of a single cartesian
system. Refer to Volume B to determine the required coordinate data for
a particular element type.

Activate/Deactivate

The user has the ability to turn on and off elements using this option, which is useful when
modeling ablation or excavation. When the user enters the mesh connectivity, the program
assumes that all elements are to be included in the analysis unless they are deactivated. This
effectively removes this material from the model. These elements can be reinstated later by
using the ACTIVATE option. The previously calculated level of stress will also be reinstated. The
use of these options results in nonlinear behavior and will have an effect upon convergence.
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A4.2 USER SUBROUTINE INPUT

User subroutines can be used to generate or modify the data for mesh definition. User
subroutine UFCONN generates or modifies element connectivity data. The UFCONN model
definition option activates this subroutine. The user subroutine is called once for each element
requested. Refer to Volume D, Section 1 for a description of UFCONN and instructions for its

use.

User subroutine UFXORD generates or modifies the nodal coordinates. The UFXORD model
definition option activates this subroutine. The user subroutine is called once for each node
requested. Refer to Volume D, Section 1 for a description of UFXORD and instructions for its
use.
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A4.3 MESH2D

MESH2D generates a mesh of quadrilateral or triangular elements for a two-dimensional body
of any shape. The generated mesh is written to a separate file, and must be read with the
CONNECTIVITY, COORDINATE, and FIXED DISP, etc., options.

Block Definition

In MESH2D, a physical object, or domain, is divided into quadrilateral and/or triangular parts,
called “blocks”. Quadrilateral blocks are created by the program by mapping with polynomials
of the third order from a unit square. These blocks may therefore be used to approximate curved
boundaries. The geometry of a quadrilateral block is defined by the coordinates on 12 nodes
shown in Figure A 4.3-1. If the interior nodes on an edge of the block are equal to zero or are
not specified, the edge of the block is straight.

Triangular blocks have straight edges. The geometry of a triangular block is defined by the
coordinates of the three vertices.

114 b 8

12 ¢ 7

12

(&Em) = Y x(P)®,(En

> i=1

12

(&Em) = Y y(P) @, (&N

i=1
Figure A 4.3-1 Typical Quadrilateral Block

Merging of Nodes

The program creates each block with a unique numbering scheme. The MERGE option fuses all
nodes that lie within a small circle, renumbers the nodes in sequence, and then fills up all gaps
in the numbering system. You may select which blocks are to be merged together, or you can
request that all blocks be merged. You must give the closeness distance for which nodes will
be merged.
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Block Types

MESH2D generates two types of quadrilateral blocks. Block Type 1 is a quadrilateral block that
is covered by a regular grid. The program obtains this grid by dividing the block edge into M
by N intervals. Figure A 4.3-2 illustrates the division of block edges into intervals with M=4,

N=3.

The P; P4 face of the block is the 1-4 face of triangular elements and the P; P, face of the block
becomes the 1-2 face of quadrilateral elements.

Block Type 2 is a quadrilateral block that allows the transition of a coarse mesh to a finer one.
In one direction, the block is divided into M, 2M, 4M ...; while in the other direction, the block

is divided into N intervals. Figure A 4.3-3 illustrates the division of Block Type 2 edges into
intervals.
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Figure A4.3-2 Block Type 1
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Figure A 4.3-3 Block Type 2

The P, P, face of the block becomes the 1-2 face of quadrilateral elements, and the P, P face
of the block is the 2-3 face of triangular elements.
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Block Type 3 is a triangular block. The program obtains the mesh for this block by dividing
each side into N equal intervals. Figure A 4.3-4 illustrates Block Type 3 for triangular and
quadrilateral elements.

£

(45

Triangular Quadrilateral
Figure A4.3-4 Block Type 3

Block Type 4 is a refine operation about a single node of a block. The values of N and M are
not used.

5 6 7

4 3
> 3 4
] 2 1 2

Figure A4.3-5 Block Type 4

If quadrilateral elements are used in a triangular block, the element near the P, P; face of the
block is collapsed by MESH2D in every row. The P P, face of the block is the 1-2 face of the
generated elements.

Symmetry, Weighting, and Constraints

MESH2D contains several features that facilitate the generation of a mesh: use of symmetries,
generation of weighted meshes, and constraints. These features are discussed below.
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MESH2D can use symmetries in physical bodies during block generation. An axis of symmetry
is defined by the coordinates of one nodal point, and the component of a vector on the axis. One

block may be reflected across many axes to form the domain. Figure A 4.3-6 illustrates the
symmetry features of MESH2D.

Original Block One Symmetry Axis

—— i Gan w—— F—-—--w-—
r\\ 3|2 KL
4 ° 1 4~ 1

Two Symmetry Axes Three Symmetry Axes

Figure A4.3-6 Symmetry Option Example

A weighted mesh is generated by the program by spacing the two intermediate points along the
length of a boundary. This technique biases the mesh in a way that is similar to the weighting

of the boundary points. This is performed according to the third order isoparametric mapping
function.

NOTE

If a weighted mesh is to be generated, be cautious not to move the
interior boundary points excessively. If the points are moved more than

1/6 of the block length from the 1/3 positions, the generated elements
may turn inside-out.
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The CONSTRAINT feature generates boundary-condition restraints for a particular degree-of-
freedom for all nodes on one side of a block. The feature then writes the constraints into the file
after it writes the coordinate data. The FIXED DISP, etc., option must be used to read the
boundary conditions generated from the tape.

Additional Options

Occasionally, you may want to position nodes at specific locations. The coordinates of these
nodes are entered explicitly and substituted for the coordinates calculated by the program. This

is performed using the SPECIFIED NODE option. Some additional options in MESH2D are the
following.

* MESH2D can be used several times within one input deck.
* The START NUMBER option gives starting node and element numbers.

* The CONNECT option allows forced connections and/or disconnections with other blocks.
This option is useful when the final mesh has cracks, tying, or gaps between two parts.

* The MANY TYPES option specifies different element types.
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A4.4 MESH3D

The MESH3D program automatically generates three-dimensional structures using either node
distorted cubes (Element Type 7) or 20-node distorted cubes (Element Type 21). The program
outputs the three coordinates of each node and the eight or twenty nodes that define each
element. If element types other than 7 or 21 are to be used, then use the ALIAS option in MARC.

z I 2
i A
Y
2.0 '
4 — = //
3 7/ 7
2 _ / 1.0 \\
4
14
T = X I =X
1 2 3 4 1.0 2.0

(a) A Block in Integer Space (b) A Block in Geometric Space

Figure A4.4-1 MESH3D Coordinate Spaces

MESH3D builds structures by assembling blocks in both integer space and geometric space. The
building blocks are first assembled in integer space, which is defined by a right-handed
coordinate system (IX, IY, IZ). The blocks in integer space are rectangular and may have two
types of nodal compositions. Blocks that are made up of 8-node elements are unit cubes (as
shown in Figure A 4.4-1). Blocks that are made up of 20-node elements are cubes with sides
that are two units long. A node in integer space has three integer coordinates.

The structure that is built by MESHS3D is also generated in geometric space. Geometric space is
defined by a right-handed orthogonal coordinate system (X, Y, Z).

A mapping process relates the block in integer space to the block in geometric space. This
mapping is based on an isoparametric 20-node element. You must enter the X,Y,Z coordinates
of key points on this 20-node cube. You can enter these coordinates block-by-block, or by
cross-reference to a table for predefined stationary points. This mapping process specifies the
location and shape of a block in geometric space.
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To build the three-dimensional structure, several operations must be performed on blocks and
between parts of blocks by the program. These operations are activated by a option which
specifies which operation to perform, and provides input data for that operation. The operations
are the following:

¢ POINT

* DEFINE
* MAP

* MERGE
* ERASE
* COPY

* JOIN

* DATA

* OUTPUT

The following sections explain these operations.

POINT Operation

The POINT operation inputs a list of points in space along with their geometric coordinates.
This is an optional operation and it can be invoked before the DEFINE and MAP operations.
Specify the position of the twenty principal nodes of the MAP block by cross-referencing the
corresponding stationary point number. This saves respecifying the coordinates in each MAP
operation when the same point in space is used as a principal node of several blocks.

DEFINE Operation

The DEFINE operation creates a new block in integer space. This operation defines element
numbers, node numbers, element connectivity, and integer nodal coordinates. MESH3D divides
the block into elements, as specified, and numbers the nodes and elements.

During the DEFINE operation, you input the following data:

* The block number

* The number of first element

* The number of first node

* The number of elements in integer directions

* The integer coordinates of the first node in the block

MAP Operation

The MAP operation maps the nodal integer coordinates into the actual (geometric) coordinates
by specifying eight or more key points in geometric space. Mentally, superimpose this point
numbering scheme on the block in integer space, and ignore the actual node numbers for this
operation.

Use the following guidelines to number the blocks for the mapping process.

* Bottom Plane Corners: Number the corners 1, 2, 3, and 4.

* Top Plane Corners: Number these corners 5, 6, 7, and 8. In integer space:
* Side 1-2 is the IX direction
e Side 1-4 is the IY direction
* Side 1-5 is the IZ direction

* Midsides of the Bottom Plane: Number these points 9, 10, 11, and 12.
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* Midsides of the Top Plane: Number these points 13, 14, 15, and 16.

* Midsides between the Top and Bottom Planes: Number these points 17, 18, 19, and 20.
* Point 9 is between points 1 and 2.

* Point 13 is between points 5 and 6.

* Point 17 is between points 1 and 5.

You must input the geometric coordinates (X, Y, Z) of the eight corner points. You may also
need to input the geometric coordinates of the twelve midside points. When you do not input a
midside, the program assumes that edge to be a straight line with the midside point midway
between the two corner points. When you input a midside point, that edge is a parabola in
geometric space that passes through three key points on the edge.

NOTE

There are two ways to input geometric coordinates. You can specify the
coordinates in a list associated with the MAP BLOCK, or you can cross-
reference the local point number to a list or prespecified stationary points.
Use the second option when the same point appears in several blocks.

MERGE Operation

The MERGE operation merges two blocks and then renumbers their elements and nodes. When
two nodes coincide in integer space, this operation merges them into one node. The resultant
node has the geometric coordinates and the node numbers of the nodes in the first block. The
program renumbers the nodes and elements in the second block so there is no gap in the
numbering of the new, merged block.

ERASE Operation

The ERASE operation deletes selected elements and nodes from a particular block. This
operation renumbers elements and nodes in ascending order to close the gaps in the numbering
schemes.

COPY Operation

The COPY operation creates a new block (N2) by copying an existing block (N1). The new
block may be translated, rotated, and/or reflected about a plane in both integer space and
geometric space.

To specify the translation, rotation, and reflection in geometric space, input the geometric
coordinates of three non-colinear points in block N1 (P11, P12, P13), and three non-colinear
points in block N2 (P21, P22, P23).
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The local coordinate systems of block N1 and block N2 are defined by the following:
* Point P11 and P12 define axis direction X1.
* Point P13 defines a plane which determines axis direction Y1, perpendicular to X1.
* Z1 is the cross-product of the first two axis directions (right-hand rule).

The COPY operation rotates and translates block N1 so that X1 coincides with X2, Y1 coincides
with Y2, and Z1 coincides with Z2. If you request reflection, Z1 coincides with Z2. This
operation leaves block N1 intact and creates a new block N2.

To specify the translation, rotation, and reflection in integer space, input integer coordinates of
six points. These six points in block N1 are K11, K12, K13; in block N2, they are K21, K22,
and K23. In order to guarantee that all nodes in integer space are translated and rotated into
points with integer coordinates, follow the guidelines listed below.

* Points K11 and K12 must be one unit apart.
* Points K21 and K22 must be one unit apart.
» The distance from K13 to the line K11-K12 must be one unit.
¢ The distance from K23 to the line K21-K22 must be one unit.

JOIN Operation

The JOIN operation joins selected pairs of nodes within one block. This operation is useful for
forming circular and other multiple-connected structures. The JOIN operation retains the first
node (N1) of the pair, along with its integer and geometric coordinates, and deletes the second
node (N2). The nodes are then renumbered to close the gaps in the numbering scheme.

OUTPUT Operation

The OUTPUT operation prints out information on a selected block of elements. This information
includes:

* The element numbers and their associated nodes
* Node numbers

 The three integer coordinates of the nodes

* The three geometric coordinates of the nodes

This operation is available so that you can check data.

DATA Operation

The DATA operation produces the printout of the OUTPUT operation and writes a file containing
element connectivity and node point coordinates to FORTRAN unit 1. The MARC system of
finite element programs uses the element connectivity and node point coordinates written to
this file for analysis. This file contains the following information for each element:

* The element number
* The element type (7 or 21)
* Nodes of this element

The data file contains the following information for each node:

¢ The node number
* X, Y, and Z coordinates
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A4.5 MENTAT

Mentat is an interactive program which facilitates mesh definition by generating element
connectivity and nodal coordinates. Some of the Mentat capabilities relevant to mesh
generation are listed below.

* Prompts you for connectivity information and nodal coordinates. Accepts input from a
keyboard or mouse.

* Accepts coordinates in several coordinate systems (cartesian, cylindrical, or spherical).
* Translates and rotates (partial) meshes.

* Combines several pre-formulated meshes.

* Duplicates a mesh to a different physical location.

* Generates a mirror image of a mesh.

* Subdivides a mesh into a finer mesh.

* Automatic mesh generation in two and three dimensions.

* Imports geometric and finite element data from CAD systems.

* Smooths nodal point coordinates to form a regular mesh

» Converts geometric surfaces to meshes.

* Refines a mesh about a point or line.

» Expands line mesh into a surface mesh, or a surface mesh into a solid mesh.
* Calculates the intersection of meshes.

* Maps nodal point coordinates onto prescribed surfaces.

* Writes input data file for connectivity and coordinates in MARC format for use in future
analyses.

* Apply boundary conditions to nodes and elements.
* Define material properties.
* Submit MARC jobs.

Use the CONNECTIVITY and COORDINATE options to read the information generated by Mentat
into the MARC program. These options are discussed in Section 4.1.
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A4.6 FXORD OPTION

The FXORD model definition option (Volume C, Section 2) generates doubly curved shell
elements of Type 4, 8, or 24 for the geometries most frequently found in shell analysis. Since
the mathematical form of the surface is well-defined, the program can generate the 11 or 14
nodal coordinates needed by Element Type 8, 24, or 4 to fit a doubly curved surface from a
reduced set of coordinates. For example, you can generate an axisymmetric shell by entering
only four coordinates per node. The FXORD option automatically generates the complete set of
coordinates required by the elements in the program from the mathematical form of the surface.

A rotation and translation option is available for all components of the surface to give complete
generality to the surface generation. The input to FXORD consists of the reduced set of
coordinates given in a local coordinate system and a set of coordinates which orient the local
system with respect to the global system used in the analysis. The program uses these two sets
of coordinates to generate a structure made up of several shell components for analysis.

The FXORD option allows for the generation of several types of geometries. Volume C, Figure
C4.6-1 illustrates these options. Because you may need to analyze shells with well-defined
surfaces not available in this option, you can use the UFXORD user subroutine to perform your
own coordinate generation (Volume D, Section 1). The FXORD option may also be used to
convert cylindrical coordinates or spherical coordinates to Cartesian coordinates for continuum
elements.

Major Classes of the FXORD Option
The following cases are considered:

* Shallow Shell

* Axisymmetric Shell

* Cylindrical Shell Panel

* Circular Cylinder

* Plate

* Curved Circular Cylinder

* Convert Cylindrical to Cartesian
* Convert Spherical to Cartesian

Shallow Shell (Type I)
Type 1 is a shallow shell with

0, =xp 8,=x, (A4.6-1)
The middle surface of Figure A 4.6-1 (Type 1) is defined by an equation of the form
X3 = X5 (X, x2) (A4.6-2)
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and the surface is determined when the following information is given at each node.

0X; 0X,4 82x3

xl, X955 X3, a_X—I, a—xz, m (A 46-3)

The last coordinate is only necessary for Element Type 4.

X4
Type 1 Type 2
X
X2 / X2
A 4\
A%
—X4 > X4
X
3
X3
Type 3 Type 4

Figure A 4.6-1 Classification of Shells
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Axisymmetric Shell (Type 2)
The middle surface symmetric to the x5 -axis (Figure A 4.6-1, Type 2) is defined as:

x; = R(0) cos¢cosB

X, = R(0) cosdsinB (A4.6-4)

X3 = R(9) sin¢
where ¢ and 6 are the angles shown in Figure A 4.6-1. In this case, the surface is defined by

dR
do

The angles 6 and ¢ are given in degrees.

0,0, R, (A4.6-5)

Cylindrical Shell Panel (Type 3)
The middle surface is the cylinder defined by Figure A 4.6-1.
X; = X,(8)
X, = X, (8) (A 4.6-6)

The nodal geometric data required is
dx,; dx,

e (A4.6-7)

S, X3, Xy, Xy,

Circular Cylinder (Type 4)

This is the particular case of Type 3 where the curve

X, (8),%,(8) (A 4.6-8)

is the circle given by Figure A 4.6-1 (Type 4).

X, = RcosH

X, = Rsin0 (A4.69)

The only nodal information is now

8, x5, R (A4.6-10)

Note that 6 is given in degrees and, because R is constant, it needs to be given for the first nodal
point only.
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Plate (Type 5)
The shell is degenerated into the plate

x; = 0 (A4.6-11)

The data is reduced to
Xy Xy (A4.6-12)

Curved Circular Cylinder (Type 6)
Figure A 4.6-2 illustrates this type of geometry.

X3

Shell Middle Surface

Type 6

Figure A 4.6-2 Curved Circular Cylinder
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The middle surface of the shell is defined by the equations

X, = rcos@
Xy = rsinBcos¢ + R (1 — coso) (A 4.6-13)
X3 = (R+-rsinOrsin¢) sin¢

The Gaussian coordinates on the surface are

8, =0
(A4.6-14)
8, = Ro
and form an orthonormal coordinate system. The nodal point information is
0,0,r,R (A4.6-15)

0 and ¢ in degrees. You need to specify the radii r and R only for the first nodal point.

Convert Cylindrical to Cartesian (Type 7)

Type 7 allows you to enter the coordinates for continuum elements in cylindrical coordinates,
which are converted by MARC to Cartesian coordinates. In this way, you can enter R, 6, Z and
obtain X, y, z where 0 is given in degrees and

x = Rcos0
y = Rsin@ (A 4.6-16)
z =7

Convert Spherical to Cartesian (Type 8)

Type 8 allows you to enter the coordinates for continuum elements in spherical coordinates,
which are converted by MARC to Cartesian coordinates. In this way, you can enter R, 6, ¢ and

obtain X, y, z where 6 and ¢ are given in degrees and

x = RcosOsin¢
y = RsinBcos¢ (A4.6-17)
z = Rcos¢

Recommendations on Use of the FXORD Option

When a continuous surface has a line of discontinuity, for example, a complete cylinder at

8 = 0° = 360°, you must place two nodes at each nodal location on the line to allow the distinct
coordinate to be input. You must use tying Type 100 to join the degrees-of-freedom. Generally,
when different surfaces come together, you must use the intersecting shell tyings.

The FXORD option cannot precede the COORDINATES option, because it uses input from that
option.
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A4.7 MARC-PIPE

The MARC-PIPE program is used in conjunction with Element Types 14 and 17 to generate
the meshes for piping systems.

The piping system consists of a set of joints that are identified and numbered. A joint is any
change of section, branch point, or change of curvature of the pipe. The pipe is modeled with
straight beams (Element Type 14) or elbow elements (Element Type 17) between any two
joints.

For the MARC-PIPE program to generate a mesh for a piping system, you must enter the
following information:

* Type of the section - straight (Type 0) or curved (Type 1 or 2)
* Number of the joints at the two ends of the section

* Number of divisions along the pipe

* Number of divisions around the pipe for the curved sections

For the MARC-PIPE program to generate a mesh for curved sections, you must enter the
following information:

* The center of curvature for the bend or the intersection point of the two tangent pipes

* The pipe radius

NOTE

Only planar bends can be modeled with MARC-PIPE. When a bend
curves in two different planes, you must insert a short straight section
between them.

The output of the MARC-PIPE program consists of the CONNECTIVITY and COORDINATE sets
for MARC input, and the TYING data. The data is written on unit 1. You can then input the tape
directly to MARC for analysis.
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A 4.8 INCREMENTAL MESH GENERATORS

Incremental mesh generators are a collection of options available in MARC to assist you in
generating the mesh. Incremental mesh generators generate connectivity lists by repeating
patterns and generate nodal coordinates by interpolation. Use these options directly during the
model definition phase of the input.

During the model definition phase, you can often divide the structure into regions, or blocks,
for which a particular mesh pattern can be easily generated. This mesh pattern is established
for each region and is associated with a single element connectivity list. Use the
CONNECTIVITY option to input this element connectivity list. The incremental mesh generators
then generate the remainder of the connectivity lists.

Critical nodes define the outline of the regions to be analyzed. Use the COORDINATES option
to enter the critical nodes. The incremental mesh generators complete the rest and join the
regions by merging nodes.

A special connectivity interpolator option generates midside nodes for elements where these
nodes have not been specified in the original connectivity. A separate mesh generation run is
sometimes required to determine the position of these nodes. This run may be followed by
mesh display plotting.

The incremental mesh generators are listed below:

Element Connectivity Generator — The CONN GENER option repeats the pattern of the
connectivity data for previously defined master elements. One element can be removed for
each series of elements, allowing the program to generate to tapered mesh. Two elements
can be removed for each series with triangular elements.

Element Connectivity Interpolator — The CONN FILL option completes the connectivity list
by generating midside nodes. You first generate the simpler quadrilateral or brick elements
without the midside nodes. You can then fill in the midside nodes with this option.

Coordinate Generator — The NODE GENER option creates a new set of nodes by copying
the spacing of another specified set of nodes.

Coordinate Interpolator — The NODE FILL generates intermediate nodes on a line defined
by two end nodes. The spaces between the nodes can be varied according to a geometric
progression.

Coordinate Generation for Circular Arcs — The NODE CIRCLE option generates the
coordinates for a series of nodes which lie on a circular arc.

Nodal Merge — The NODE MERGE option merges all nodes which are closer than a spec1ﬁed
distance from one another and it eliminates all gaps in the nodal numbers.
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A4.9 BANDWIDTH OPTIMIZATION

MARC can minimize the nodal bandwidth of a structure in several ways. The amount of
storage is directly related to the size of the bandwidth, and the computation time increases in
proportion to the square of the average bandwidth.

When the EBE iterative solver is used, the bandwidth optimizer has no influence. Using this
method, it is beneficial if the elements are numbered in an orderly fashion.

The OPTIMIZE option allows you to choose from several bandwidth optimization algorithms.
The minimum degree algorithm should only be used if the direct sparse solver is used.

The three available OPTIMIZE options are listed in Table A 4.9-1.

/ NOTE \

This option creates an internal node numbering that is different from your
node numbering. Use your node numbering for all inputs. All output
appears with your node numbering. The occurrence of gap or Herrmann
elements may change the interal node numbers. On occasion, this
change may result in a non-optimal node numbering system, but this
system is necessary for successful solutions.

N /

The nodal correspondence table obtained through this process can be saved and then used in
subsequent analyses. This eliminates the need to go through the optimization step in later
analyses. The correspondence table is used to relate the user-defined node (external) numbers
to the program-optimized (internal) node numbers and vice versa.

Table A 4.9-1 Bandwidth Optimization Options

bﬁx pmtitc::r Remarks
2 Cuthill-McKee algorithm
9 Sloan
10 Minimum Degree Algorithm

A4 - 28 Rev. K.6



Volume A: User Information

A 4.10 REZONING

The REZONING option defines a new mesh and transfers the state of the old mesh to the new
mesh. Elements or nodes can be either added to or subtracted from the new mesh. This
procedure requires a subincrement to perform the definition of the new mesh. The rezoning
capability may be used for two- and three-dimensional continuum elements and for shell
elements 22 and 75. See Figure A 4.10-1 for an example of REZONING.

i -
I

— ek

|

Before Rezoning After Rezoning

Figure A 4.10-1 Mesh REZONING
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A4.11 SUBSTRUCTURE

The MARC multi-level procedure allows superelements to be used. One self-descriptive
database stores all data needed during the complete analysis. The user has only to ensure that
this database is saved after every step of the analysis.

The advantages of substructuring are the following:

* Separates linear and nonlinear parts of the model

* Allows repetition of symmetrical or identical parts of the model for linear elastic analysis
* Separates large models into multiple, moderate-size models

* Separates fixed model parts from parts of the model that may undergo design changes

A disadvantage of substructuring is the large amount of data that must be stored on the
database.

Three steps are involved in a substructuring run.
* The superelement generation step is done for every superelement at a certain level.

* The use of superelements in subsequent MARC runs is done at the highest level, or is
incorporated into Step 1 for the intermediate levels.

* Recovery of solutions within a certain superelement may or may not be done for every
superelement.

Substructuring in MARC is only possible for static analysis. Nonlinearities are not allowed
with a superelement. You, as a user, must ensure that nonlinearities are not present.

The maximum number of levels in a complete analysis is 26. The maximum number of
substructures in the complete analysis is 676.

During superelement generation in MARC, you can generate a complete new superelement or
you can copy a previously defined superelement with identical or newly defined external load
conditions. Any number of superelements may be formed in a generation run.

MARC offers flexibility in the use of superelements by allowing rotation or mirroring of a
superelement. If a run is nonlinear, superelements are treated as linear elastic parts. At every
increment, you can perform a detailed analysis of certain substructures by descending down to
the desired superelements. Use the normal MARC control algorithm (AUTO INCREMENT, AUTO
LOAD, PROPORTIONAL INCREMENT) to control the load on the superelements.

Use parameter option SUBSTRUC to declare the formation of a substructure. Use the
SUBSTRUCTURE model definition option to define the nodes and degrees-of-freedom that
belong to the substructure. Use the SUPER parameter option combined with the SUPERINPUT
model definition data to use the substructure in a later run. Use the user subroutine SSTRAN to
rotate or mirror a substructure.

Technical Background

The system of equations for a linear static structure is

Ku =P (A 4.11-1)
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When local degrees-of-freedom (subscripted 1) and external degrees-of-freedom (subscripted
e) are considered, this can be rewritten as

K, K u P
{ . ﬂ( ')= ( ‘) (A4.11-2)
Kle Kee Ue Pe
To obtain both the stiffness matrix and the load vector of the substructure, it is necessary to
eliminate u; and rewrite the above system with u, as the only unknown splitting the above

equation.
Ku + K u, = P
and (A4.11-3)

Kleul'+'Keel“le = Pe

The first equation can be written as

u =K e K u, +K;'P, (A4.11-4)
Substitutihg this equation into the second

- K, K;'K,u, + K K 'P, + K, u, = P, (A4.11-5)

This can be rewritten as

K., = P, (A4.11-6)
where

K. = Koo~ K, KK, (A4.11-7)
and

P, = P,—KK;'P, (A4.11-8)

K:e and P: are solved by the triangularization of K,, , the forward and backward

* *
le? Kee and Pe
are used in the next part of the analysis with other substructures or with another element mesh.
That analysis results in the calculation of u,.

substitution of K., and P, , respectively, and premultiplication with K

You can now calculate the local degrees-of-freedom and/or the stresses using the following
procedure:

K, eu = P-Ku, (A4.11-9)
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which can be written as

u = Kj' P, (A 4.11-10)
where
P, = P,—K_u, (A4.11-11)

The displacement of the substructure is therefore known, and stresses and strains can be
calculated in the normal way.

Scaling Element Stiffness

Occasionally it is desirable to perform a scalar multiplication of the stiffness, mass and load
matrix to represent a selective duplication of the finite element mesh.

The STIFFSCALE option may be used to enter the scaling factor for each element. In this case,
the global stiffness, mass, and load matrices are formed as follows:

K& = 55K, ME = EsM?, and FE = 3s.f° (A4.11-12)

Note that no transformation of the stiffness matrix occurs and that point loads are not scaled.
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A 4.12 BEAM SECTION DEFINITION OPTION

The BEAM SECTION definition option inputs data to define the sectional properties for
three-dimensional beam elements. Include this option if you are using Element Types 13, 77,
or 79 or Element Types 14, 25, 76, or 78 with a noncircular section, or if you are using Element
Types 52 or 98 and torsional and shear stiffness must be defined independently.

The convention adopted for the local (beam) coordinate system is: the first and second
directions (local X and Y) at a point are normal to the beam axis; the third director (local Z) is
tangent to the beam axis and is in the direction of increasing distances along the beam. The
director set forms a right-handed system.

Orientation of the Section in Space

The beam axis in an element is interpolated from the two nodes of the element.

dx dy dz
X, Y, Z, 35’ ds’ ds (A4.12-1)

where the last three coordinates are only used for element 13.

The beam section orientation in an element is defined by the direction of the first director (local
X) at a point, and this direction is specified via the coordinates of an additional node or through
the GEOMETRY option (see Volume B).

Definition of the Section

You can include any number of different beam sections in any problem. Data options following
the BEAM SECTION definition parameter option of the MARC input (see Volume C) define each
section. The program numbers the sections in the order they are entered. To use a particular
section for a beam element, set EGEOM2 (GEOMETRY option, Option 2, Columns 11-20) to
the floating-point value of the section number, for example, 1, 2, or 3. The program uses the
default circular section for the closed section beam elements (14, 25, 76, 78) if EGEOM1 is
nonzero. The program uses the default solid rectangular cross-section for elements 52 or 98 if
EGEOMLI is nonzero. Figure 4.12-1 shows how the thin-walled section is defined using input
data.

The rules and conventions for defining a section are listed below:

1. Anx!- y1 coordinate system defines the section, with x! the first director at a point of

the beam. The origin of the x! - y1 system represents the location of the node with
respect to the section.

2. Enter the section as a series of branches. Branches can have different geometries, but
they must form a complete traverse of the section in the input sequence so that the
endpoint of one branch is the start of the next branch. It is often necessary for the
traverse of the section to double back on itself. To cause the traverse to do this, specify
a branch with zero thickness.
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3.

You must divide each branch into segments. The stress points of the section are the
branch division points. The stress points are the points used for numerical integration
of a section’s stiffness and for output for stress results. Branch endpoints are always
stress points. There must always be an even number of divisions (nonzero) in any
branch. Not counting branches of zero thickness, you can use a maximum of 31 stress
points (30 divisions) in a complete section.

Branch thickness will vary linearly between the values given for branch endpoint
thickness. The thickness can be discontinuous between branches. A branch is assumed
to be of constant thickness equal to the thickness given at the beginning of the branch if
the thickness at the end of the branch is given as an exact zero.

The shape of a branch will be interpolated as a cubic based on the values of x! and y1
and their directions, in relation to distance along the branch. The data is input at the two

ends of the branch. If both dx'/ds and dyI/ds are given as exact zeros at both ends of
the branch, the branch is assumed to be straight. The section can have a discontinuous
slope at the branch ends. The beginning point of one branch must coincide with the

endpoint of the previous branch. As a result, x! and y1 for the beginning of a branch
need to be given only for the first branch of a section.

Stress points will be merged into one point if they are separated by a distance less than
t/10, where t is a thickness at one of these points.

Figure A 4.12-1 shows three sections of a beam. Notice the use of zero thickness branches in
the traverse of the I section. The program provides the following data: the location of each
stress point in the section, the thickness at that point, the weight associated with each point (for
numerical integration of the section stiffness), and the warping function at each section.
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Figure A 4.12-1 BEAM SECTION Definition Examples
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A 4.13 ERROR ANALYSIS

The user can determine the quality of the analysis by using the ERROR ESTIMATES option.

The ERROR ESTIMATES option can be used to determine the mesh quality (aspect ratio, and
skewness), and how they change with deformation. While all of the MARC elements satisfy
the patch test, the accuracy of the solution often depends on having regular elements. In
analyses where the updated Lagrangian method is used, the mesh often becomes highly
distorted during the deformation process. This option tells you when it would be beneficial to
perform a rezoning step.

This option can also be used to examine the stress discontinuity in the analysis. This is a
measure of the meshes ability to represent the stress gradients in the problem. Large stress
discontinuities are an indication that the mesh is not of sufficient quality. This can be resolved
by increasing the number of elements or choosing a higher order element.
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A 4.14 ADAPTIVE MESH GENERATION

The adaptive mesh generation capability increases the number of elements and nodes to
improve the accuracy of the solution. The capability is applicable for both linear elastic
analysis and for nonlinear analysis. The capability may be used for lower order elements,
3-node triangles, 4-node quadrilaterals, 4-node tetrahedrals, and 8-node hexahedral elements.

When used in conjunction with the ELASTIC parameter for linear analysis, the mesh will be
adapted and the analysis repeated until the error criteria is satisfied. When used in a nonlinear
analysis, an increment will be performed. If necessary, this increment will be followed by a
mesh adjustment which will be followed by the analysis of the next increment in time. While
this may result in some error, as long as the mesh is not overly coarse, it should be adequate.

Number of Elements Created

The adaptive meshing procedure works by dividing an element and internally tying nodes to
insure compatibility. Figure A 4.14-1 shows the process for a single quadrilateral element.

Original Element Level 1 Refinement Level 2 Refinement Level 3 Refinement

Figure A 4.14-1 Single Quadrilateral Element Process

A similar process occurs for the triangles, tetrahedral, and hexahedral elements. One can
observe that for quadrilaterals the number of elements expands by four with each subdivision;
similarly, the number of elements increases by eight for hexahedrals. If full refinement occurs,

one observes that the number of elements is 2(¢V¢l X 2) for quadrilaterals and pllevel x 3) £
hexahedral elements.
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Number of Elements
Level
Quadrilaterals Hexahedrals
0 1 1
1 4 8
2 16 64
3 64 512
4 256 4096

For this reason, it is felt that the number of levels should, in general, be limited to three.

When adaptive meshing occurs, one can observe that discontinuities are created in the mesh as
shown below:

To ensure compatibility node B is effectively tied to nodes A and C and node D is effectively
tied to nodes C and E. All of this occurs internally and does not conflict with other user defined
ties or contact.

Boundary Conditions

When mesh refinement occurs, boundary conditions are automatically adjusted to reflect the
change in mesh. The rules listed below are followed:

1. FIXED DISPLACEMENT

For both 2D and 3D, if both corner nodes on an edge have identical boundary
conditions, the new node created on that edge will have the same boundary conditions.
For 3D, if all four nodes on a face have identical boundary conditions, the new node
created in the center of the face will have the same boundary conditions. Note that
identical here means the same in the first degree of freedom, second degree of freedom,
etc. independently of one another.

2. POINT LOADS

The point loads remain unchanged on the original node number.
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3. DISTRIBUTED LOADS

Distributed loads are automatically placed on the new elements. Caution should be
used when using user subroutine FORCEM as the element numbers may be changed due
to the new mesh process.

4. CONTACT

The new nodes generated on the exterior of a body are automatically treated as
potential contact nodes. The elements in a deformable body are expanded to include
the new elements created. After the new mesh is created, the new nodes are checked to
determine if they are in contact.

Location of New Nodes

When an element is refined, the default is that the new node on an edge will be midside to the
two corner nodes. As an alternative the SURFACE and ATTACH options may be used or user
subroutine UCOORD may be used. The SURFACE option may be used to describe the
mathematical form of the surface. If the corner nodes of an edge are attached to the surface, the
new node is placed upon the actual surface.

This is illustrated in Figure A 4.14-2 and Figure A 4.14-3, where initially a single element is
used to represent a circle. The circle is defined with the SURFACE option and the original four
nodes are placed on it using the ATTACH option. Notice that the new nodes are placed on the
circle.
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Figure A 4.14-2 Original Mesh and Surface

Level 1 Refinement Level 2 Refinement

Level 2 and 3 Refinement

Figure A 4.14-3 Levels of Refinement
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Error Criteria

The adaptive meshing subdivision occurs when a particular error criteria is violated. Multiple
error criteria may be selected using the ADAPTIVE model definition option. These include:

Criterion Type 1 - Mean Strain energy method

The element is refined if the strain energy of the element is greater than the average strain
energy in an element times a factor.

total strain energy
number of elements !

element strain energy >

Criterion Type 2 - Zienkiewicz — Zhu Error Criteria

The error norm is defined as either

[(c" -o)%av i [E -E)2av
jcde+J'(c* -0)2%dV v = J‘Ede+J'(E* _E)2dV

The stress error and strain energy errors are

2__"

X = J(cs*—c)de and Y = j(E*—E)ZdV

where o* is the smoothed stress and ¢ is the calculated stress. Similarly, E is for energy.
An element is subdivided if
n>f;, and
X > f, * XINUMEL + f; * X * f;/t/NUMEL
or
y>f, and
Y, > fs * YNUMEL + f5 * Y * f;/y/NUMEL
where NUMEL is the number of elements in the mesh. If f,, f3, f;, and f5 are input as zero,
f,=1.0.
Criterion Type 4 — Location within a box

An element will be subdivided if it falls within the specified box.

Criterion Type 5 — Contact

An element will be subdivided if one of its nodes in associated with a new contact
condition. In the case of a deformable-to-rigid contact, this implies that the node has
touched a rigid surface. For deformable-to-deformable contact, the node may be either a
tied or retained node. Note that if chattering occurs, there may be an excessive number of
elements generated. Use the level option to reduce this problem.
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Criterion Type 8 — Gradient

An element will be subdivided if the gradient in the element is greater than the average
gradient in the solution. This is the recommended method for heat transfer.

Criterion Type 9 — von Mises Stress

If a stress intensity or singular point exists in the mesh, the mesh will subdivide indefinitely.
Use the levels command to eliminate this problem.

This method is based upon either relative or absolute testing on either the von Mises stress,
the equivalent strain or the equivalent plastic strain.

An element will be subdivided if either

von Mises > f; * maximum von Mises stress or
von Mises stress > f, - or
equivalent strain > f; * maximum equivalent strain or
equivalent strain > f, or
equivalent plastic strain > f5 * maximum equivalent plastic strain or

equivalent plastic strain > f,

Criterion Type 10 — User defined
User subroutine UADAP may be used to prescribe a user defined error criteria.

Criterion Type 11 — Previously refined mesh

Use the refined mesh from a previous analysis as the starting point to this analysis. The
information from the previous adapted analysis is read in.
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w Chapter 5 STRUCTURAL PROCEDURE LIBRARY

This chapter describes the analysis procedures available in MARC. These procedures range
from simple linear elastic analysis to complex nonlinear analysis. A large number of options
are available, but you need to consider only those capabilities that are applicable to your
physical problem. This chapter provides technical background information as well as usage
information about these capabilities.
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A5.1 LINEAR ANALYSIS

Linear analysis is the type of stress analysis performed on linear elastic structures. Because
linear analysis is simple and inexpensive to perform and generally gives satisfactory results, it
is the most commonly used structural analysis. Nonlinearities due to material, geometry, or
boundary conditions are not included in this type of analysis. The behavior of an isotropic,
linear, elastic material can be defined by two material constants: Young’s modulus E, and
Poisson’s ratio v.

The MARC program allows you to perform linear elastic analysis using any element type in
the program. Various kinematic constraints and loadings can be prescribed to the structure
being analyzed; the problem can include both isotropic and anisotropic elastic materials.

The principle of superposition holds under conditions of linearity. Therefore, several individual
solutions can be superimposed (summed) to obtain a total solution to a problem.

Linear analysis does not require storing as many quantities as does nonlinear analysis;
therefore, it uses the core memory more sparingly. The ELASTIC option uses the assembled and
decomposed stiffness matrices to arrive at repeated solutions for different loads.

NOTE

Linear analysis is always the default analysis type in the MARC program.

Linear analysis in MARC requires only the basic input. Table A 5.1-1 shows a subset of the
MARC program options which are often used for linear analysis.
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Table A 5.1-1 Basic Input Options

Option Type Option Name

Parameter TITLE
SIZING
ELEMENTS
ELASTIC
ALL POINTS
CENTROID
ADAPTIVE
FOURIER
END

Model Definition CONNECTIVITY
COORDINATES
GEOMETRY
ISOTROPIC

FIXED DISP

DIST LOADS

POINT LOAD

CASE COMBINATION
END OPTION

More complex linear analyses require additional data blocks.

1.

Rev. K.6

Parameter option ELASTIC allows solutions for the same structural system with
different loadings (multiple loading analysis). When using the ELASTIC option, you
must apply total loads, rather than incremental quantities (e.g., total force, total
moment, total temperature) in subsequent increments.

The RESTART option, used with the ELASTIC and/or CASE COMBINATION option, stores
individual load cases on a restart tape. You can also store the decomposed stiffness
matrix for later analyses.

Model definition option CASE COMBINATION combines the results obtained from
different loading cases previously stored on a restart tape.

The ADAPTIVE option may be used to improve the accuracy of the analysis.
The J-INTEGRAL option allows the study of problems of linear fracture mechanics.

The FOURIER option allows the analysis of axisymmetric structures subjected to
arbitrary loadings.

Model definition option ORTHOTROPIC or ANISOTROPIC activates the anisotropic
behavior option. In addition, user subroutines ANELAS, HOOKLW, ANEXP, and ORIENT
define the mechanical and thermal anisotropy and the preferred orientations.

You can use both the linear SPRING and ELASTIC FOUNDATION options in a linear
stress analysis.

A5 -3



Volume A: User Information

Accuracy

It is difficult to predict the accuracy of linear elastic analysis without employing special error
estimation techniques. An inaccurate solution usually exhibits itself through one or more of the
following phenomena:

* Strong discontinuities in stresses between elements
* Strong variation in stresses within an element
* Stresses that oscillate from element to element

Error Estimates

The ERROR ESTIMATES option may also be used to obtain an indication of the quality of the
results. The user can have the program evaluate the geometric quality of the mesh by reporting
the aspect ratios and skewness of the elements. In a large deformation updated Lagrange
analysis, one can also observe how these change during the analysis, which indicates mesh
distortion. When the mesh distortion is large, it is a good idea to do a rezoning step.

The ERROR ESTIMATES option can also be used to evaluate the stress discontinuity between
elements. MARC first calculates a nodal stress based upon the extrapolated integration point
values. These nodal values are compared between adjacent elements and reported. Large
discrepancies indicate an inability of the mesh to capture high stress gradients, in which case
you should refine the mesh and rerun the analysis.

The ERROR ESTIMATES option may be used for either linear or nonlinear analysis.

Fourier Analysis

Through Fourier expansion, the MARC program analyzes axisymmetric structures that are
subjected to arbitrary loading. The FOURIER option is available only for linear analysis.

During Fourier analysis, a three-dimensional analysis decouples into a series of independent
two-dimensional analyses, where the circumferential distribution of displacements and forces
are expressed in terms of the Fourier series. Both mechanical and thermal loads may vary
arbitrarily in the circumferential direction. You can determine the structure’s total response
from the sum of the Fourier components.

The Fourier formulation is restricted to axisymmetric structures with linear elastic material
behavior and small strains and displacements. Therefore, conditions of linearity are essential
and material properties must remain constant in the circumferential direction.

To use Fourier expansion analysis in MARC, the input must include the following information:
* The FOURIER parameter option allocates storage for the series expansion.

* FOURIER model definition blocks for as many series as are needed to describe tractions,
thermal loading, and boundary conditions. Number the series sequentially in the order
they occur during the FOURIER model definition input. Three ways to describe the series
are listed below:

* Specify coefficients ag, aj, by,... on the FOURIER model definition cards.

* Describe F(8) (where 6 is the angle in degrees about the circumference) in point-wise
fashion with an arbitrary number of pairs [6,F(6)] given on the cards. The MARC
program forms the corresponding series coefficients.

* Generate an arbitrary number of [0, F(6)] pairs using the user subroutine UFOUR and
let the program calculate the series coefficients.
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You may obtain the total solution at any position around the circumference by superposing the
components already calculated after completion of all increments required by the analysis. The
CASE COMBINATION option calculates this total solution by summing the individual harmonics
which are stored on the restart tape.

The number of steps or increments needed for analysis depends on the number of harmonics
that are chosen. For a full analysis with symmetric and antisymmetric load cases, the total
number of increments equals twice the number of harmonics. Table A 5.1-2 shows which
Fourier coefficients are used for a given increment.

Table A 5.1-2 Fourier Coefficients — Increment Number

LOAD TERMS
INC. 1st DOF,Z 2nd DOFR 3rd DOF,0
0 ag ay 0
1 0 0 a,
2 a; a, b,
3 b b, at
0
0
0
2n a, a, b,
2n+1 b, b, a,

The magnitude of concentrated forces should correspond to the value of the ring load integrated
around the circumference. Therefore, if the Fourier coefficients for a varying ring load p(0) are
found from the [6, p(6)] distribution, where p(8) has the units of force per unit length, the force
magnitude given in the POINT LOAD block should equal the circumference of the loaded ring.
If p(®) is in units of force per radian, the POINT LOAD magnitude should be 2.

The Fourier series can be found for varying pressure loading from [6, p(8)] input with p
expressed in force per unit area. The MARC program calculates the equivalent nodal forces and
integrates them around the circumference. The distributed load magnitude in the DIST LOADS
block should be 1.0.

Table A 5.1-3 shows the elements in the program that can be used for Fourier analysis.
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Table A 5.1-3 Elements Used for Fourier Analysis

Element Type Description
62 8-node
73 8-node with reduced integration
63 8-node for incompressible behavior
74 8-node for incompressible behavior with reduced integration
90 3-node shell

Technical Background

The general form of the Fourier series expansion of the function F(6) is shown in the equation
below.

(=]

F(0) =a + 2 (a,cosnb + b, sinnb) (AS5.1-1)

n=1

This expression expands the displacement function in terms of sine and cosine terms. A
symmetric and an antisymmetric problem are formulated for each value of n.

The displacements for the symmetric case, expressed in terms of their nodal values, are
€
u' = [N|,N,,...]cosn6 {u"}
€
V' = [N|,N,, ...] cosn6 {V"} (A5.1-2)
n . n €
w = [N,N,, ...]sinn0 {w}

Nodal forces are

n
Z=717Zy+ zzncosne
1

i
Il

n
Ry+ Y R"cosn6 (A5.1-3)
1

n
T = T+ ) T'sinn6
1
The value n=0 is a special case in Fourier analysis. If only the symmetric expansion terms are
used, the formulation defaults to the fully axisymmetric two-dimensional analysis. The

antisymmetric case for n=0 yields a solution for the variable 6 that corresponds to loading in
the tangential direction. Analyze axisymmetric solids under pure torsion in this way.
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Modal Shapes and Buckling Load Estimations During a Fourier Analysis

During a Fourier analysis, the MARC program can be asked to estimate both the modal shapes
and buckling loads for each harmonic in the analysis. In either case, the program performs a
Fourier analysis first and then estimates the modal shapes/buckling load at prescribed harmonic
numbers. In addition to the input data required for a Fourier analysis (FOURIER parameter
option and FOURIER model definition block), the following must also be added: DYNAMIC
parameter option and MODAL INCREMENT model definition block; BUCKLE parameter option
and BUCKLE INCREMENT model definition block, for Fourier modal shape and Fourier
buckling load estimations, respectively.

In the Fourier modal analysis, the mass matrix in the eigenvalue equation is a constant matrix.
The stiffness matrix in the eigenvalue equation is the one associated with a prescribed harmonic
of the Fourier analysis. The expression of the eigenvalue equation is:

[K™¢-w’[M°]¢ =0 (A5.1-4)

where [K™] is the stiffness matrix associated with the m'™ harmonic of the Fourier analysis and
[MO] is a constant matrix. Multiple modes for each harmonic may be extracted.

Similarly, in a Fourier buckling analysis, the stiffness matrices in the eigenvalue equation are
(respectively); the linear elastic stiffness matrix and the geometric stiffness matrix associated
with the prescribed harmonic of the Fourier analysis.

The eigenvalue equation is expressed

[K™o-A[KGI0 =0 (A5.1-5)

where [K™] is the linear elastic stiffness matrix and [Kg] is the geometric stiffness matrix,

associated with the m'™ harmonic of the Fourier analysis. The stresses used in the calculation
of the geometric stiffness matrix are those associated with the symmetric load case, m = O.
Multiple buckling load estimations for each harmonic is also available.
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A5.2 NONLINEAR ANALYSIS

The finite element method can be used for nonlinear, as well as linear, problems. Early
development of nonlinear finite element technology was mostly influenced by the nuclear and
aerospace industries. In the nuclear industry, nonlinearities are mainly due to the nonlinear,
high-temperature behavior of materials. Nonlinearities in the aerospace industry are mainly
geometric in nature and range from simple linear buckling to complicated post-bifurcation
behavior. In recent years, nonlinear finite element techniques have been applied to the metal
forming industry and to manufacturing processes.

A problem is nonlinear if the force-displacement relationship depends on the current state (i.e.,
current displacement, force, and stress-strain relations). Let u be a generalized displacement
vector, P a generalized force vector, and K the stiffness matrix. The expression of the
force-displacement relation for a nonlinear problem is

P =K(P,u)u (A5.2-1)

Linear problems form a subset of nonlinear problems. For example, in classical linear
elastostatics, this relation may be written in the form

P=Keu (A5.2-2)

where the stiffness matrix K is independent of both u and P. If the matrix K depends on other
state variables that do not depend on displacement or loads (such as temperature, radiation,
moisture content, etc.), the problem is still linear.

Similarly, if the mass matrix is a constant matrix, the following undamped dynamic problem is
also linear:

P=Meii+Keu (A5.2-3)

There are three sources of nonlinearity: material, geometric, and nonlinear boundary
conditions. Material nonlinearity results from the nonlinear relationship between stresses and
strains. Models for these relationships cannot be derived along purely mathematical lines, but
rather are based on experimental data. Considerable progress has been made in attempts to
derive the macroscopic behavior of materials from microscopic backgrounds, but, up to now,
commonly accepted constitutive laws are phenomenological. Nonlinearities due to plasticity,
viscoplasticity, and creep (see Figure A 5.2-1) are of major practical importance. Nonlinear
elastic behavior is also receiving increased attention.

Geometric nonlinearity results from the nonlinear relationship between strains and
displacements on the one hand and the nonlinear relation between stresses and forces on the
other hand. If the stress measure is conjugate to the strain measure, both sources of nonlinearity
have the same form. This type of nonlinearity is mathematically well defined, but often difficult
to treat numerically. Two important types of geometric nonlinearity occur: a) the analysis of
buckling and snap-through problems (see Figure A 5.2-2 and Figure A 5.2-3) and b) large
strain problems such as analysis of rubber components or metal forming processes. In large
strain problems, the mathematical separation into geometric and material nonlinearity is
nonunique.
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Elastic-Plastic Behavior

Elastic-Viscoplastic Behavior

EC

Creep Behavior

Figure A5.2-1 Material Nonlinearity
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Figure A5.2-2 Buckling

Figure A5.2-3 Snap-Through

Boundary conditions and/or loads may also cause nonlinearity. Contact and friction problems
lead to nonlinear boundary conditions. This type of nonlinearity plays an important role in
metal forming problems (see Figure A 5.2-4). Loads on a structure cause nonlinearity if they
vary with the displacements of the structure. These loads can be conservative, as in the case of
a centrifugal force field (see Figure A 5.2-5); they can also be nonconservative, as in the case
of a follower force on a cantilever beam (see Figure A 5.2-6). Also, such a following force can
be locally nonconservative, but represent a conservative loading system when integrated over
the structure. A pressurized cylinder (see Figure A 5.2-7) is an example of this.
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Figure A5.2-4 Contact and Friction Problem

Figure A5.2-5 Centrifugal Load Problem (Conservative)
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Figure A5.2-6 Follower Force Problem (Non-Conservative)
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Figure A5.2-7 Pressurized Cylinder (Globally Conservative)
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Considerations for Nonlinear Analysis

Nonlinear analysis is usually more complex and expensive than linear analysis. Also, a
nonlinear problem can never be formulated as a set of linear equations. In general, the solutions
of nonlinear problems always require incremental solution schemes and sometimes require
iterations (or recycles) within each load/time increment to ensure that equilibrium is satisfied
at the end of each step. Superposition cannot be applied in nonlinear problems.

The four iterative procedures available in MARC are: Newton-Raphson, Modified Newton-
Raphson, Newton-Raphson with strain correction modification, and a secant procedure. If the
R-P flow contribution model is chosen, a direction substitution is used. See the appendix for a
discussion of these iterative procedures.

A nonlinear problem does not always have a unique solution. Sometimes a nonlinear problem
does not have any solution, although the problem may seem to be defined correctly.

Nonlinear analysis requires good judgment and uses considerable computing time. Nonlinear
analyses often require several runs. The first run should extract the maximum information with
the minimum amount of computing time. Some design considerations for a preliminary
analysis are:

* Minimize degrees of freedom whenever possible.
 Halve the number of load increments by doubling the size of each load increment.

« Impose a coarse tolerance on convergence to reduce the number of iterations. A coarse run
determines the area of most rapid change where additional load increments may be
required. Plan the increment size in the final run by the following rule of thumb: there
should be as many load increments as required to fit the nonlinear results by the same
number of straight lines.

MARC solves nonlinear static problems according to one of the following two methods:
tangent modulus or initial strain. Examples of the tangent modulus method are elastic-plastic
analysis, nonlinear springs, nonlinear foundations, large displacement analysis and gaps. This
method requires at least the following three controls:

* A tolerance on convergence
* A limit to the maximum allowable number of recycles
* Specification of a minimum number of recycles

An example of the initial strain method is creep or viscoelastic analysis. Creep analysis requires
the following tolerance controls:

» Maximum relative creep strain increment control
» Maximum relative stress change control
* A limit to the maximum allowable number of recycles

To input control tolerances, use the model definition option CONTROL. These values may be
reset upon restart or through the CONTROL history definition option. See the Appendix for
further discussion on tolerance controls.
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Behavior of Nonlinear Materials

Nonlinear behavior can be time- (rate-) independent, or time- (rate-) dependent. For example,
plasticity is time-independent and creep is time-dependent. Both viscoelastic and viscoplastic
materials are also time-dependent. Nonlinear constitutive relations must be modeled correctly
to analyze nonlinear material problems. A comprehensive discussion of constitutive relations
is given in Chapter 6.

Scaling the Elastic Solution

The parameter option SCALE causes scaling of the linear-elastic solution to reach the yield
stress in the highest stressed element. Scaling takes place for small displacement elastic-plastic
analysis, where element properties do not depend on temperature. The SCALE option causes all
aspects of the initial solution to be scaled, including displacements, strains, stresses,
temperature changes, and loads. Subsequent incrementation is then based on the scaled
solution.

Selecting Load Incrementations

Several load incrementation options are available in the program to input mechanical and
thermal load increments (see Table A 5.2-1, below).

Table A 5.2-1 Load Incrementation Options

Load Type Options

Mechanical PROPORTIONAL INCREMENT
(Force/Displacement POINT LOAD

DIST LOADS

AUTO LOAD

AUTO INCREMENT

DISP CHANGE

AUTO TIME

Thermal THERMAL LOADS
CHANGE STATE
AUTO THERM

Restarting the Analysis

The model definition option RESTART creates a restart file for the current analysis which may
be used in subsequent analyses. It also may be used to read in a previously generated file to
continue the analysis. The RESTART option is very important for any multi-increment analysis
because it allows you to continue the analysis at a later time. The default situation writes the
restart information to unit 8 and reads a previously generated tape from unit 9. For post
processing, option RESTART can be used to plot or combine load cases (see CASE
COMBINATION). Upon restart, you may use the model definition REAUTO option to redefine
parameters associated with an automatic load sequence.

To save storage space, it is not necessary to store each increment of analysis. The frequency
can be set using the RESTART option, and subsequently modified using the RESTART
INCREMENT option. It is also possible to store only the last converged solution, by using the
RESTART LAST option. This should not be used with ELASTIC analysis because the stiffness
matrix will not be stored.
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Selecting Load Increment Size

MARC uses the incremental method in plasticity analysis. Load incrementation can be
prescribed automatically or manually through a variety of options. The program controls
iteration. The two extreme approaches to solving nonlinear equations are to solve a large
number of small steps with few iterations or to solve one large step with many iterative cycles.
Generally, it is best to employ a combination of both.

Residual Load Correction

The residual load is applied as a correcting force to ensure that equilibrium is maintained and,
hence, that an accurate solution is obtained for nonlinear problems.

The residual load correction enforces global equilibrium at the start of each new increment.
This prevents the accumulation of out-of-equilibrium forces from increment to increment and
makes the solution less sensitive to the step size. Figure A 5.2-8 shows how stiffness is based
on the state at the start of a step. The variables are defined below for increments i = 1,2,3:

* F applied forces fori=1,2,3
* calculated displacements fori=1,2,3
* R; residual loads fori=1,2,3

r
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Figure A5.2-8 Stiffness Based on State at Start of Step

The residual load correction is the difference between the internal forces and the externally
applied loads. The residual load correction is expressed as

R =P- j BTodv (A 5.2-4)
where B is the differential operator which transforms displacements to strains, ¢ are the current

generalized stresses, P is the total applied load vector, and R is the residual load correction.

In order to evaluate the residual load correction accurately, evaluate the integral by summing
the contributions from all integration points. The residual load correction feature requires that
stresses be stored at all the integration points. Data storage at all integration points is the default
in MARC, but may be overridden in linear analysis by use of the CENTROID parameter option.
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NOTE

The ALL POINTS parameter should be used for all nonlinear analysis. In
the K3 version and all subsequent versions, this is the default.

Computational Procedures for Elastic-Plastic Analysis

MARC plasticity algorithms are unconditionally stable and accurate for moderate strain
increments. However, they are somewhat less accurate for strong incremental stress changes
and have poor convergence for strain increments greater than ten times the elastic strain. These
considerations should guide the selection of appropriate load increment size.

The MARC program calculates the stress-strain relation at the mid-increment for each
integration point based on an incremental strain prediction. For the first cycle of each step, this
prediction is based on the strain increment of the preceding increment. The mean normal
method or the radial return method establish the elastic-plastic response, calculating a secant
stiffness matrix at each increment. If the residuals or displacements at the end of the increment
satisfy the chosen tolerance, no recycling takes place. During recycles, the strains recovered
from the previous iteration are used as estimated strains for the stiffness evaluation. The
recycling procedure prevents poor strain estimates from adversely affecting the solution.

The program uses the mean normal method, by default, for all elements except those modeling
plane stress. As an alternative, you can select the radial return method using the CONTROL
option. The tangent modulus method with radial return is used for plane stress elements. In
either case, the stress state remains on the yield surface.

MARC makes no distinction in elastic-plastic constitutive calculations between the assembly
phase and recovery phase in calculating constitutive equations, except for updating the stress
and strain quantities according to the process described below.

Given a strain increment vector,

1. Assume fully elastic response and find the corresponding stress increment using the
equation

Ac®! = C®Ae (A 5.2-5)

2. Check the stress state at the start of step 1 for possible violation of yield criterion. The
yield criterion may not be exactly satisfied due to temperature effects, numerical
integration of elastic-plastic relationships, or accumulated numerical inaccuracy. F(o)
= 0 indicates that the stress state is exactly on the yield surface.

If F (6) > 0, scale ¢ by a factor A as follows:

F(Ao) =0 O<A<1 (A5.2-6)

For nonzero A, the quantity
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(1-\)o (A5.2-7)
is added to the elastic stress increment

Ac® = Ac™+ (1-M)o (A5.2-8)

Now o is guaranteed to be either inside or on the yield surface at the start of the
increment.

Check the stress state at the end of the increment. If

Flo+Ac™] <0, (A5.2-9)
this is a purely elastic increment. If F (6) <0

Flo+Ac"] >0 (A5.2-10)

determine what fraction of the increment is elastic (designated m in Step 6) and what
fraction is elastic-plastic (1-m).

To find the increment of plastic strain and the constitutive matrix, determine the normal
to the yield surface at the current stress state. For the von Mises yield criterion

F=/3J,-6=0 (A5.2-11)
the normal vector is

21 ] (A5.2-12)

oF 3.
[ } = — [ox, cy, C, 21xy, ZTyZ,

ao” 20

Use the mean stiffness, shown in Figure 5.2-9a, to determine the normal, or you can
use the stiffness at the end of the increment, shown in Figure 5.2-9b, to determine the
normal. This method guarantees that the final stress state satisfies the yield condition.
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o*+ Og + Ac®!

Ac®!

(a) Mean Normal Method (b) Radial Return Method

Figure A5.2-9 Mean Stiffness

5. Once dF/dc is found, you can determine the equivalent plastic strain increment from

7.
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(A5.2-13)

The work hardening slope H depends on the total plastic strain gP, therefore, the

equation for AgP is solved iteratively in a maximum of five steps.

The elastic-plastic constitutive relationship can be formulated as
T
el 0F 1 [0F7
35 [35)°
OF7" [ oF
He (55 ) <)

where m was calculated in Step 3.

L° P = mC® - (1-m)

The components of the increment of plastic strain are found by

AeP = AEPQE
00

(A5.2-14)

(A5.2-15)
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8. The correct increment of stress is calculated as
Ac = L°7PAe (A 5.2-16)

9. During recovery update, stresses and strains are represented as

0,+AC, €5+ Ae (A5.2-17)

10. During assembly, use L®? for evaluation of the stiffness matrix

K = [,B'L°PBdV (A5.2-18)

11. For those integration points or layers that have gone plastic, an additional line will be
printed giving the plastic strains, unless suppressed using the PRINT ELEM option.

CREEP

Creep is a time-dependent inelastic behavior that can occur at any stress level, either below or
above the yield stress of a material. Creep is an important factor at elevated temperatures.

The MARC program offers the following options to be used in conjunction with creep analysis:

* Creep data can be entered directly through card input or user subroutine.

« Creep behavior can be either isotropic/or anisotropic.

« The Oak Ridge National Laboratory (ORNL) rules on creep can be activated.

* An automatic time stepping scheme maximizes the time step size in the analysis.
« Eigenvalues can be cxtracted for the estimation of creep buckling time.

» Use parameter option CREEP to activate the creep analysis option in MARC.

Input the creep time period and control tolerance information through' the history definition
option AUTO CREEP. This option can be used repeatedly to define a new creep time period and
new tolerances.

Creep analysis is often carried out in several runs using the RESTART option. Save restart tapes
for continued analysis. The REAUTO option allows you to reset the parameters defined in the
AUTO CREEP option upon restart.

/ NOTE \

It is always useful to check the accuracy of the creep law input before
performing a creep analysis. You can easily carry out this check by
running a simple one-element model creep analysis. Use the MARC truss
element (Element Type 9) to simulate a uniaxial test. This simulated
uniaxial test can either be a load control test or a displacement control
test, depending on the prescribed boundary conditions. In a simulated
creep test, the strain history predicted by MARC must be identical to the
experimental data.

N 7
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Adaptive Time Control

The AUTO CREEP option takes advantage of the diffusive characteristics of most creep
solutions. Specifically, this option controls the transient creep analysis. The user specifies a
period of creep time and a suggested time increment. The program automatically selects the
largest possible time increment that is consistent with the tolerance set on stress and strain
increments (see Section in 5.2 on creep control tolerances).

The algorithm is: for a given time step At, a solution is obtained. The program then finds the
largest values of stress change per stress, Ao/, and creep strain change per elastic strain, Ae®/
el It compares these values to the tolerance values, T, (stress change tolerance) and T, (strain
change tolerance), for this period.

The value p is calculated as the larger of
Ac/6/Tg
and (A5.2-19)
AT/ /T,

If p > 1, the program resets the time step as

At = At,,®0.8/p (A 5.2-20)

n

The time increment is repeated until convergence is obtained or the maximum recycles control
is exceeded. In the latter case, the run is ended.

Clearly, the first repeat should satisfy tolerances. If it does not, the possible causes are:
* excessive residual load correction
* strong additional nonlinearities such as creep buckling-creep collapse
* incorrect coding in user subroutine CRPLAW, VSWELL or UVSCPL.

Appropriate action should be taken before the solution is restarted.

If p < 1, the solution is stepped forward to t + At and the next step is begun. The time step used
in the next increment is chosen as

Atpew = Atyg if 08<p<l (A5.2-21)
Atpey = 1250 Aty if 0.65<p<0.8 (A5.2-22)
At ., = 1L.5eAt |, if p<0.65 (A5.2-23)

Since the time increment is adjusted to satisfy the tolerances, it is impossible to predetermine
the total number of time increments for a given total creep time.
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Creep Control Tolerances

The MARC program performs a creep analysis under constant load or displacement conditions
on the basis of a set of tolerances and controls you provide.These are as follows:

1.

Stress Change Tolerance — This tolerance controls the allowable stress change per time
step during the creep solution, as a fraction of the total stress at a point. Stress change
tolerance governs the accuracy of the transient specify creep response. If you need
accurate tracking of the transient, specify a tight tolerance of 1 percent or 2 percent
stress change per time step. If you need only the steady-state solution, supply a
relatively loose tolerance of 10-20 percent. It is also possible to check the absolute
rather than the relative stress.

Creep Strain Increment per Elastic Strain — The MARC program uses either explicit or
implicit integration of the creep rate equation. When the explicit procedure is used, the
creep strain increment per elastic strain is used to control stability. In almost all cases
the default of 50 percent represents the stability limit, so that you need not provide any
entry for this value. It is also possible to check the absolute rather than the relative
strain.

Maximum Number of Recycles for Satisfaction of Tolerances — During AUTO CREEP,
the MARC program chooses its own time step. In some cases the program recycles to
choose a time step that satisfies tolerances, but recycling rarely occurs more than once
per step. Excessive recycling may be caused by physical problems such as creep
buckling, poor coding of user subroutine CRPLAW, VSWELL or UVSCPL or excessive
residual load correction that may occur when the creep solution begins from a state that
is not in equilibrium.

The maximum number of recycles allows you to avoid wasting machine time under
such circumstances. If there is no satisfaction of tolerances after the attempts at
stepping forward, the program will stop. The default of 5 recycles is conservative in
most cases.

Low Stress Cut-Off — Low stress cut-off avoids excessive iteration and small time steps
caused by tolerance checks that are based on small (round off) stress states. A simple
example is a beam in pure bending. The stress on the neutral axis is a very small
roundoff-number, so that automatic time stepping scheme should not base time step
choices on tolerance satisfaction at such points. The default of 5 percent of the
maximum stress in the structure is satisfactory for most cases.

Choice of Element for Tolerance Checking — The default option for creep tolerance
checking checks all integration points in all elements. You may wish to check
tolerances in only one element or in up to 14 elements of your choice. The most highly
stressed element is usually chosen.

When you enter the tolerances and controls, the following conventions apply:

« All stress and strain measures in tolerance checks are second invariants of the deviatoric
state (i.e., equivalent von Mises uniaxial values).

* You may reset all tolerances and controls upon the completion of one AUTO CREEP
sequence.
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Background Information

Creep behavior is based on a von Mises creep potential with isotropic behavior described by
the equivalent creep law:

.Cr

g =f(c,€,T,0) (A5.2-24)

The material behavior is therefore described by:

crdC

A" = € acAt (A 5.2-25)

__ . . .cro |
where d6/dc is the outward normal to the current von Mises stress surface and € is the
equivalent creep strain rate.

There are two numerical procedures used in implementing creep behavior. The default is an
explicit procedure in which the above relationship is implemented in the program by an initial
strain technique. In other words, a pseudo-load vector due to the creep strain increment is added
to the right-hand side of the stiffness equation.

KAu = AP+ [ B'DAe™dV (A5.2-26)

where K is the stiffness matrix, and Au and AP are incremental displacement and incremental
nodal force vectors, respectively. The integral

j ,BTDAETdV (A5.2-27)

is the pseudo-load vector due to the creep strain increment in which B is the strain displacement
relation and D is the stress-strain relation.

As an alternative, an implicit creep procedure may be requested with the CREEP parameter
option. In this case, the effect inelastic strain rate will have an influence on the stiffness matrix.
Using this technique, significantly larger steps in strain space may be used.

Creep Buckling

The MARC program also predicts the creep time to elastic buckling due to stress redistribution
under given load or repeated cyclic load.

The buckling option solves the following equation for the eigenvalue

(K+AK;) @ =0 (A 5.2-28)

The geometric stiffness matrix K is a function of the increments of stress and displacement.

These increments are calculated during the last creep time step increment. To determine the
creep time to buckle, perform a BUCKLE step after a converged creep increment. Note that the
incremental time must be scaled by the calculated eigenvalue.
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AUTO-THERM-CREEP (Automatic Thermally Loaded Elastic-Creep/Elastic-Plastic-Creep Stress
Analysis)

This option is intended to allow automatic, thermally loaded elastic-creep/elastic-plastic-creep
stress analysis, based on a set of temperatures defined throughout the mesh as a function of
time. The temperatures and transient times are presented to the program through the CHANGE
STATE option, using input option 3 (POST FILE), and the program then creates its own set of
temperature steps (increments) based on a temperature change tolerance provided on this
option. The times at all temperature steps are calculated by the program for creep analyses.

At each temperature step (increment), an elastic/elastic-plastic analysis is carried out first to
establish stress level in the structure. A creep analysis is performed next on the structure for the
time period between current and previous temperature steps (increments). Both the elastic/
elastic-plastic stress and the creep analyses are repeated until the total creep time provided on
this option is reached. Convergence controls are provided on the CONTROL option for elastic-
plastic analysis and on the AUTO THERM CREEP option for creep analysis. The analysis can be
restarted at temperature steps (increments) or at creep steps (sub-increments). The results can
be saved on a post file (POST option) for post-processing.

If no DIST LOADS, POINT LOAD or PROPORTIONAL INC option appears with the AUTO THERM
CREEP set, all mechanical loads and kinematic boundary conditions are held constant during
the AUTO THERM CREEP. However, DIST LOADS, POINT LOAD, PROPORTIONAL INC, or DISP
CHANGE may be included in the set — the mechanical loads and kinematic boundary conditions
which are then defined are assumed to change in proportion to the time scale of the temperature
history defined by the CHANGE STATE option and will be applied accordingly. This is based on
the fact that the increments of load and displacement correspond to the end of the transient time
of the AUTO THERM CREEP input.

Viscoelasticity

In a certain class of problems, structural materials exhibit viscoelastic behavior. Two examples
of these problems are quenching of glass structures and time-dependent deformation of
polymeric materials. The viscoelastic material retains linearity between load and deformation;
however, this linear relationship depends on time. Consequently, the current state of
deformation must be determined from the entire history of loading. Different models consisting
of elastic elements (spring) and viscous elements (dashpot) can be used to simulate the
viscoelastic material behavior described in Section 6.6. A special class of temperature
dependence known as the thermo-rheologically simple behavior (TRS) is also applicable to a
variety of thermal viscoelastic problems. Both the equation of state and the hereditary integral
approaches can be used for viscoelastic analysis.

In the MARC program, two options are available for viscoelastic analysis. The first option uses
the equation of state approach and represents a Kelvin model. The second option is based on
the hereditary integral approach and allows the selection of a generalized Maxwell model. The
thermo-rheologically simple behavior is also available in the second option for thermal
viscoelastic analysis. Section 6.6.4 discusses these models in detail. Automatic time stepping
schemes AUTO CREEP and AUTO TIME can be used in a viscoelastic analysis for first and second
options, respectively.
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The first option for viscoelastic analysis uses the Kelvin model. To activate the generalized
Kelvin model in MARC, use the VISCO ELAS or CREEP parameter option. To input the matrices
[A] and [B] for the Kelvin strain rate computations, use the user subroutine CRPVIS. To input
creep time period and the tolerance control for the maximum strain in an increment, use the
history definition option AUTO CREEP.

Viscoplasticity

There are two procedures in MARC for viscoplastic analysis.

Explicit Method

The elasto-viscoplasticity model in MARC is a modified creep model to which a plastic
element is added. The plastic element is inactive when the stress is less than the yield stress of
the material. You can use the elasto-viscoplasticity model to solve time-dependent plasticity
and creep as well as plasticity problems with a non-associated flow law.

The creep option in MARC has been modified to enable solving problems with viscoplasticity.
The method is modified to allow solving elastic-plastic problems with non-associated flow
rules which result in nonsymmetric stress-strain relations if the tangent modulus method is
used.

The requirements for solving the viscoplastic problem are:
* CREEP parameter option and creep controls

* Load incrementation immediately followed by a series of creep increments specified by
AUTO CREEP

* Use of user subroutine CRPLAW and/or user subroutine NASSOC
The following load incrementation procedure will help you solve a viscoplastic problem:

1. Apply an elastic load increment that will exceed the steady-state yield stress.
2. Relieve the high yield stresses by turning on the AUTO CREEP option.

You may repeat steps 1 and 2 as many times as necessary to achieve the required load history.

NOTE

The size of the load increments are not altered during the AUTO CREEP
process so that further load increments can be effected by using the
PROPORTIONAL INC feature.

The viscoplastic approach converts an iterative elastic-plastic method to one where a fraction
of the initial force vector is applied at each increment with the time step controls. The success
of the method depends on the proper use of the automatic creep time step controls. This means
that it is necessary to select an initial time step that will satisfy the tolerances placed on the
allowable stress change.
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allowable stress change X 0.7

The initial time step dt = - - - -
Maximum viscoplastic strain rate X Young’s modulus

The allowable stress change is specified in the creep controls. The most highly stressed element
usually yields the maximum strain rate. It is also important to select a total time that will give
sufficient number of increments to work off the effects of the initial force vector. A total time
of 30 times the estimated dt is usually sufficient.

The MARC program does not distinguish between viscoplastic and creep strains. A user
subroutine NASSOC allows you to specify a non-associated flow rule for use with the
equivalent creep strains (viscoplastic) that are calculated by subroutine CRPLAW. A flag is set
in the CREEP parameter option in order to use the viscoplastic option with a non-associated
flow rule.

The viscoplasticity feature can be used to implement very general constitutive relations with
the aid of user subroutines ZERO and YIEL.

Implicit Method

A general viscoplastic material law can be implemented through user subroutine UVSCPL.
When using this method, the user is responsible to define the inelastic strain increment at the
current stress.

Since the viscoplasticity model in MARC is a modified creep model, you should familiarize
yourself with the creep analysis procedure (see Section 5.2).

Large Deformation Effect

Geometric nonlinearity leads to two types of phenomena: change in structural behavior and
loss of structural stability.

There are two natural classes of large displacement problems: the large displacement, small
strain problem and the large displacement, large strain problem. For the large displacement,
small strain problem, changes in the stress-strain law may be neglected, but the contributions
from the nonlinear terms in the strain displacement relations must not be neglected. For the
large displacement, large strain problem, the constitutive relation must be defined in the correct
frame of reference and is transformed from this frame of reference to the one in which the
equilibrium equations are written.

The collapse load of a structure may be predicted by performing an eigenvalue analysis. If
performed after the linear solution (increment zero) the Euler buckling estimate is obtained. An
eigenvalue problem may be formulated after each increment of load; this procedure can be
considered a nonlinear buckling analysis even though a linearized eigenvalue analysis is used
at each stage.

Coordinate Frame

There are two fundamentally different approaches for the description of mechanical problems:
the Eulerian method and the Lagrangian method. In the steady state Eulerian method, the finite
element mesh is fixed in space and the material flows through the mesh. This approach is
particularly suitable for analysis of steady-state processes, such as the steady-state extrusion
process (see Section 5.6 on rigid-plastic flow), shown in Figure A 5.2-10.
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This approach is not advantageous when the constitutive equations depend on current strains
or deformation histories or when treating free surfaces, particularly if there are distributed
loads applied to these surfaces. These problems are more easily handled by the Lagrangian
method.

In the Lagrangian method, the finite element mesh is attached to the material and moves
through space along with the material. In this case, there is no difficulty in establishing stress
or strain histories at a particular material point and the treatment of free surfaces is natural and
straightforward.
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Figure A 5.2-10 Analysis of Steady-State Extrusion Process

The Lagrangian method is also the natural method to describe structural elements, i.e., shells
and beams, and transient problems, such as the indentation problem shown in Figure A 5.2-11.

The Lagrangian method can also analyze steady-state processes such as extrusion. Drawbacks
associated with the Lagrangian method are that a steady-state result can only be obtained as the
limiting state of a transient analysis and that the distortion of the mesh is as severe as the
deformation of the object. Severe mesh degeneration is shown in Figure A 5.2-12.

There are two varieties of Lagrangian methods: the total Lagrangian method and the updated
Lagrangian method. In the total Lagrangian method, the mesh coordinates are not updated to
the new positions. In the updated Lagrangian method, the coordinates of the mesh are updated
after each increment.
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Figure A 5.2-11

Figure A 5.2-12 In-Plane Torsion Test, Mesh Deformation

Depending on which option you use, the stress and strain results are given in different form as
discussed below. If none of the following options, LARGE DISP, UPDATE or FINITE, is used, the
program uses and prints “engineering” stress and strain measures. These measures are suitable
only for analyses without large rotation or large strains.

Using only the LARGE DISP option, MARC uses the total Lagrangian method. The program
uses and prints second Piola-Kirchhoff stress and Green-Lagrange strain. These measures are
suitable for analysis with large rotations and small strains. Large strains may also be treated
successfully with appropriate constitutive equations, such as Mooney-Rivlin, Ogden, or Foam
model. The use of the Mooney-Rivlin, Ogden, or Foam material model will also cause the true
(Cauchy) stress to be printed.

With the combination of LARGE DISP and UPDATE, MARC uses a variant on the engineering
stress and strain measures. These measures are suitable for analyses with large rotations and
small strains. Stress and strain components are printed with respect to the current state.
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The combination of LARGE DISP, UPDATE and FINITE results in a complete large strain
plasticity formulation. The program internally uses true (Cauchy) stress and the true
deformation rate. This is also the stress printed, whereas the strain printed is an integrated form
of the deformation rate. In a case of proportional straining, this method leads to logarithmic
strains.

Other combinations of the options do not, in general, lead to good results.

Total Lagrangian Approach

The MARC program allows you to perform large displacement analysis based on the total
Lagrangian approach. You can use this approach for linear or nonlinear materials, in
conjunction with static or dynamic analysis. The total Lagrangian approach is particularly
suitable for the analysis of nonlinear elastic problems (for instance, with the Mooney or Ogden
material behavior or the user subroutine HYPELA). In these cases, the stress-free material will
return to its original shape after load removal.

The total Lagrangian approach is also useful for problems in plasticity and creep, where
moderately large rotations but small strains occur. This condition is typical in problems of beam
or shell bending.

In the total Lagrangian approach, the large displacement formulation is based on the initial
element geometry. Incremental stiffness matrices are formed to account for previously
developed stress and changes in geometry.

To activate the large displacement (total Lagrangian approach) option in the MARC program,
use parameter option LARGE DISP.

Include parameter option FOLLOW FOR for follower force (e.g., centrifugal or pressure load)
problems. This option forms all distributed loads on the basis of the current geometry. Do not
use the CENTROID parameter with this option. Always use residual load corrections with this
option.

To input control tolerances for large displacement analysis, use model definition option
CONTROL.

In the MARC program, the LARGE DISP option, when used without the UPDATE option, uses a
Lagrangian initial coordinate frame of reference. The fundamental stress and strain measures
used are second Piola-Kirchhoff stress and Green-Lagrange strain; therefore, you must ensure
that any stress-strain data for large strain problems are based on these measures. These
measures are not necessary for solving small strain problems.

Technical Background

The principle of virtual work defines equivalent forces P at the nodes for a virtual displacement
du

Su-P = [ 8ecdV = [ dup’odv (A5.2-29)

Integration is performed over the initial volume V.

Canceling the non-zero virtual displacements from both sides and writing Equation A 5.2-29
in incremental form, we obtain
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AP = [ [ap'Tdv+ | ABTLde} Au (A 5.2-30)
\Y \Y

The last term on the right of Equation A 5.2-30 can be divided into one matrix that depends on
the current displacement and one that does not. With some rearrangement, we obtain the
element stiffness matrices

K = K, +K,+K, (A5.2-31)

where K ;is the initial stress matrix, obtained from the first term on the right of Equation A 5.2-30,
K, is the initial displacement matrix, and Ky is the small displacement stiffness matrix.

The element stiffness matrices and the nodal equivalent forces are then summed in the usual
direct stiffness manner to obtain master-stiffness equations represented by equations in capitals

AP = (K, +K,+K,)Au (A5.2-32)

This Lagrangian formulation can be applied to problems if the undeformed configuration is
known so that integrals can be evaluated, and if the second Piola-Kirchhoff stress is a known
function of the strain. The first condition is not usually met for fluids, because the deformation
history is usually unknown. For solids, however, each analysis usually starts in the stress-free
undeformed state, and the integrations can be carried out without any difficulty. Also, stress can
be written as a function of the deformation for many solids, particularly elastic and hyperelastic
materials.

The second Piola-Kirchhoff stress for elastic and hyperelastic materials is a function of the
Green-Lagrange strain defined below.

Sij = Si; (Ey) (A5.2-33)

If the stress is a linear function of the strain (linear elasticity)

Sij = Lijkl(Ekl) (A5.2-34)
the resulting set of equations is still nonlinear because the strain is a nonlinear function of
displacement.

For viscoelastic fluids and elastic-plastic and viscoplastic solids, the constitutive equations
usually supply an expression for the rate of stress in terms of deformation rate, stress,
deformation, and sometimes other (internal) material parameters. The relevant quantity for the
constitutive equations is the rate of stress at a given material point.

It therefore seems most obvious to differentiate the Lagrangian virtual work equation with
respect to time. The rate of virtual work is readily found as

, dv, ddu, , ,
[, {sijmzij +Sigx. a—dev = [,Qidu,dV + [ T;8u;ds (A5.2-35)
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This formulation is adequate for most materials, because the rate of second stress may be

written as

Sij = Sij (Exps S Epg) (A 5.2-36)
For many materials, the stress rate is even a linear function of the strain rate

Sii = Lijit (Spps E,y) Exi (A 5.2-37)

Equation A 5.2-35 supplies a set of linear relations in terms of the velocity field. The velocity
field may be solved noniteratively.

Updated Lagrangian Approach

In the updated Lagrangian approach, the element stiffness is assembled in the current
configuration of the element, and the stress and strain output are given with respect to the
coordinate system in the updated configuration of the element. The updated Lagrangian
approach is useful in: a) analysis of shell and beam structures in which rotations are large so
that the nonlinear terms in the curvature expressions may no longer be neglected, and b) large
strain plasticity analysis, for calculations which the plastic deformations cannot be assumed to
be infinitesimal.

The MARC program provides an updated Lagrangian option for large displacement analysis.
To activate this option, use parameter options UPDATE and LARGE DISP. The UPDATE option
in MARC (used with or without the large displacement option) defines a new (Lagrangian)
frame of reference at the beginning of each increment. This option is suitable for analysis of
problems of large rotation and small strain. If analysis of large plastic strain is required, use the
FINITE option in addition to the UPDATE option. The program uses true stress (o) and
deformation rate (D). Integration of the deformation rate in a uniaxial tensile specimen
furnishes logarithmic strains. Hence, you must input your stress-strain curves as true stress
versus logarithmic strain.

In case the engineering stress curve S - e is given, the following relations hold:

P P Ay A
True Stress 0= =-——e— = __8§ (A 5.2-38)
A A, A AE
Logarithmic strain:
£ = 1n(1+E”—0) = In(l+ep) (A 5.2-39)

Note that for (approximate) incompressible material behavior

A(l+ey) = A, (A 5.2-40)

Hence, the expression for the true stress may then be approximated by

6= (l+g)S; (A5.2-41)
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The updated Lagrangian approach can be used to analyze structures where inelastic behavior
(e.g., plasticity, viscoplasticity, or creep) causes the large deformations. The (initial)
Lagrangian coordinate frame has little physical significance in these analyses since the inelastic
deformations are, by definition, permanent. For these analyses, the Lagrangian frame of
reference is redefined at the beginning of each increment.

One may use the updated procedure with or without the LARGE DISP option. When you use the
LARGE DISP option, the program takes into account the effect of the internal stresses by
forming the initial stress stiffness. Also, the program calculates the strain increment to second
order accuracy to allow large rotation increments. It is recommended that the LARGE DISP
option be used in conjunction with the UPDATE option.

Although you can theoretically derive a constitutive equation of the type shown in
Equation A 5.2-36 and Equation A 5.2-37 for most materials, it is often more suitable to
specify the constitutive equations with reference to the current state. This is the case if the
moduli in Equation A 5.2-38 do not depend on the total strain E;. Obtain the desired
formulation by taking Equation A 5.2-35 in the current state as the reference state. It follows
that momentarily

)
X = % S.. = 5., (A 5.2-42)

where F is the deformation tensor, and D is the rate of deformation, and therefore,
Equation A 5.2-35 transforms into
ov L 90u,

J'[c oD, +cslja .

V-

} v = qusu dv+ jt Su,ds (A5.2-43)

. .. T. . .
In this equation, G;; is the Truesdell rate of Cauchy stress which can be obtained from the usual
material rate of Cauchy stress by differentiation of

, g ¢ 1y - . .
6;; = I FySwuFj+J FuSyFj+ 7 Fy Sk = 1T 7Fy Sk, (A5.2-44)

If you again take the current state as the reference state it follows that

T avi avj s v,

5. = 6. + C,.+0., — —
G c k" %ikgx, ~ Ciiox,

ij ij éTk (A 5.2-45)

The Truesdell rate of Cauchy stress is materially objective. That is, if a rigid rotation is imposed
on the material, the Truesdell rate vanishes, whereas the usual material rate does not vanish.
The constitutive equations may well be formulated in terms of the Truesdell rate of Cauchy
stress. Equation 5.2-37 may be written as

T
;i = Lijki (Opn) Pi (A 5.2-46)
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Buckling Analysis

Buckling analysis allows you to determine at what load the structure will collapse. You can
detect the buckling of a structure when the structure’s stiffness matrix approaches a singular
value. You can perform an eigenvalue analysis on the linear structure to obtain the linear
buckling load. You can also use eigenvalue analysis for nonlinear buckling based on the
incremental stiffness matrices.

The buckling option estimates the maximum load that can be applied to a geometrically
nonlinear structure. To activate the buckling option in the program, use the parameter option
BUCKLE. If a nonlinear buckling analysis is performed, also use the parameter option LARGE
DISP.

Use the history definition option BUCKLE to input control tolerances for buckling load
estimation (eigenvalue extraction by a power sweep method). You can estimate the buckling
load after every load increment. The BUCKLE INCREMENT option may be used if a collapse load
calculation is required at multiple increments. ~

For extremely nonlinear problems, the BUCKLE option may not produce accurate results. In that
case, the history definition option AUTO INCREMENT allows automatic load stepping in a quasi-
static fashion for both geometric large displacement and material (elastic-plastic) nonlinear
problems. The option can handle elastic-plastic snap-through phenomena. Therefore, the post-
buckling behavior of structures can be analyzed.

The linear buckling load analysis is correct when you take a very small load step in increment
zero, or make sure the solution has converged before buckling load analysis (if multiple
increments are taken). Linear buckling (after increment zero) can be done without using the
LARGE DISP option, in which case the restriction on the load step size no longer applies.

In a buckling problem that involves material nonlinearity (e.g., plasticity), the nonlinear
problem must be solved incrementally. In the MARC program, you know that plastic collapse
has occurred when there is failure to converge in the iteration process or when the stiffness
matrix turns nonpositive definite.

The buckling option solves the following eigenvalue problem by the inverse power sweep
method

[K+AAK (Au,u,Ac)]0 =0 (A 5.2-47)

Where AK is assumed to be a linear function of the load increment AP to cause buckling. The
geometric stiffness AKg used for the buckling load calculation is based on the stress and

displacement state change at the start of the last increment. However, the stress and strain states
are not updated during the buckling analysis. The buckling load is therefore estimated by

P (beginning) + AAP (A 5.2-48)
where for increments greater than 1, P (beginning) is the load applied at the beginning of the
increment prior to the buckling analyses, and A is the value obtained by the power sweep.

The control tolerances for the inverse power sweep method are the maximum number of
iterations in the power sweep and the convergence tolerance. The power sweep terminates
when the difference between the eigenvalues in two consecutive sweeps divided by the
eigenvalue is less than the tolerance.
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Perturbation Analysis

The buckling mode may be used to perform a perturbation analysis of the structure. In the
manual mode, a buckling increment is performed upon request and the coordinates are
perturbed by a fraction of the buckle eigenvector. One enters the eigenvector number and the
fraction. In the subsequent increments the coordinates will be:

X = X+f0g (A5.2-49)

|0

The manual mode may be activated by using the BUCKLE INCREMENT model definition, or
BUCKLE load incrementation option. In the automatic mode, the program will check for a non-
positive definite system during the solution phase. When this occurs, it will automatically
perform a buckle analysis during the next increment and then update the coordinates. The
automatic mode may be activated by using the BUCKLE INCREMENT option. Also, be sure to
force the solution of the nonpositive definite system through the CONTROL or PRINT option.

Large Strain Elasticity

Structures composed of elastomers, such as tires and bushings, are typically subjected to large
deformation and large strain. An elastomer is a polymer, such as rubber, which shows an elastic
nonlinear stress-strain behavior. The large strain elasticity capability in MARC deals primarily
with elastomeric materials. These materials are characterized by the form of their elastic strain
energy function. For a more detailed description of elastomeric material, see Section 6.4.

For the finite element analysis of elastomers, there are some special considerations which do
not apply for linear elastic analysis. These considerations, discussed below, include:

* Large deformations

* Incompressible behavior

* Instabilities in the material description
* Existence of multiple solutions

Large Deformations

The formulation is complete for arbitrarily large displacements and strains; the solution,
however, is obtained as a series of piecewise linear increments, so that suitable small load
steps must be taken.

When extremely large deformations occur, the element mesh should be designed so that it
can follow these deformations without complete degeneration of elements. You must first
get some idea what the shape of the structure will be after the loads have been applied, and
adapt the element mesh in order to obtain a reasonable solution. It is possible to use rezoning
when using the lower order incompressible elements (80-84, 118-120).

Incompressible Behavior

One of the most frequent causes of problems analyzing elastomers is the incompressible
material behavior. Lagrangian multipliers (pressure variables) are used to apply the
incompressibility constraint. The result is that the volume is kept constant in a generalized
sense, over an element.
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In the finite element formulation, each Lagrangian multiplier (pressure variable)
corresponds to a constraint on the volume. Be sure that the number of constraints is not too
small or too large. Do this by comparing the actual number of kinematic degrees of freedom
(hence not counting degrees of freedom which are prescribed with boundary conditions or
tying) with the number of Lagrangian multiplier (constraints). Under all circumstances, the
number of Lagrangian multiplier must be smaller than the actual number of kinematic
degrees of freedom. Otherwise, no deformation can occur and the Lagrangian multiplier
may take on arbitrary values. Although this condition is necessary, it is usually not sufficient
to obtain an accurate solution. Therefore, the number of degrees of freedom should be
considerably larger than the number of multipliers. As a guideline, the number of degrees of
freedom should be at least twice the number of multipliers for 2D or axisymmetric analysis,
and at least three times the number of multipliers for 3D analysis.

The large strain elasticity formulation may also be used with conventional plane stress,
membrane and shell elements. Because of the plane stress conditions, the incompressibility
constraint can be satisfied without the use of Lagrange multipliers.

Instabilities in the Material Description

Under some circumstances, materials can become unstable. This instability may be real or
may be due to the mathematical formulation used in calculation.

Instability may also result from the approximate satisfaction of incompressibility
constraints. If the number of Lagrangian multipliers is insufficient, local volume changes
may occur. Under some circumstances, these volume changes may be associated with a
decrease in total energy. This type of instability usually occurs only if there is a large tensile
hydrostatic stress.

Existence of Multiple Solutions

It is possible that more than one stable solution exists (due to nonlinearity) for a given set
of boundary conditions. An example of such multiple solutions is a hollow hemisphere with
zero prescribed loads. Two equilibrium solutions exist: the undeformed stress-free state and
the inverted self-equilibrating state. An example of these solutions is shown in Figure A 5.2-13
and Figure A 5.2-14. If the equilibrium solution remains stable, no problems should occur;
however, if the equilibrium becomes unstable at some point in the analysis, problems may
occur.

When incompressible material is being modeled, the basic linearized incremental procedure
is used in conjunction with mixed variational principles similar in form to the Herrmann
incompressible elastic formulation. These formulations are incorporated in plane strain,
axisymmetric, generalized plane strain, and three- dimensional elements. These mixed
elements may be used in combination with other elements in the library (suitable tying may
be necessary) and with each other. Where different materials are joined, the pressure
variable at the corner nodes must be uncoupled to allow for mean pressure discontinuity.
Tying must be used to couple the displacements only.
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Figure A 5.2-13 Rubber Hemisphere

|

Figure A 5.2-14 Inverted Rubber Hemisphere
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Large Strain Plasticity

In recent years there has been growing interest in the analysis of metal forming problems by
the finite element method. Although an Eulerian flow-type approach and a total Lagrangian
approach have been used for steady-state and transient problems, the updated Lagrangian
procedure, pioneered by McMeeking and Rice, is most suitable for analysis of large strain
plasticity problems. The main reasons for this are: a) its ability to trace free boundaries, and b)
the flexibility of taking elasticity and history effects into account.

In contrast to the Eulerian method, the updated Lagrangian method allows you to take into
account elasticity and work hardening effects. Residual stresses can be accurately calculated.

The large strain plasticity capability in MARC allows you to analyze problems of large-strain,
elastic-plastic material behavior. These problems may include manufacturing processes such
as forging, upsetting, extension or deep drawing, and/or large deformation of structures that
occur during plastic collapse. The analysis involves both material, geometric and boundary
nonlinearities.

In addition to the options required for plasticity analysis, the LARGE DISP, UPDATE, and FINITE
options are needed for large strain plasticity analysis.

In performing finite deformation elastic-plastic analysis, there are some special considerations
which do not apply for linear elastic analysis. These considerations include:

* Choice of finite element types

* Nearly incompressible behavior

* Treatment of boundary conditions

* Severe mesh distortion

* Instabilities in the material description

Choice of Finite Element Types

Accurate calculation of large strain plasticity problems depends on the selection of adequate
finite element types. In addition to the usual criteria for selection, two aspects need to be given
special consideration: the element types selected need to be insensitive to (strong) distortion;
for plane strain, axisymmetric and three-dimensional problems, the element mesh must be able
to represent non-dilatational (incompressible) deformation modes.

Nearly Incompressible Behavior

Most finite element types tend to lock during fully plastic (incompressible) material behavior.
A remedy is to introduce a modified variational principle which effectively reduces the number
of independent dilatational modes (constraints) in the mesh. This procedure is successful for
plasticity problems in the conventional “small” strain formulation. Zienkiewicz pointed out the
positive effect of reduced integration for this type of problem and demonstrates the similarity
between modified variational procedures and reduced integration. MARC recommends the use
of lower-order elements, invoking the constant dilatation option. The lower-order elements,
which use reduced integration and hourglass control, also behave well for nearly
incompressible materials.
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Treatment of Boundary Conditions

In many large strain plasticity problems, specifically in the analysis of manufacturing
processes, the material slides with or without friction over curved surfaces. This results in a
severely nonlinear boundary condition. The MARC gap-friction element and CONTACT option
can model such sliding boundary conditions.

Severe Mesh Distortion

Because the mesh is attached to the deforming material, severe distortion of the element mesh
often occurs, which leads to a degeneration of the results in many problems. The ERROR
ESTIMATES option may be used to monitor this distortion. To avoid this degeneration, generate
anew finite element mesh for the problem and then transfer the current deformation state to the
new finite element mesh. The REZONING procedure in the program is specifically designed for
this purpose.

Instabilities in the Material Description

Elastic-plastic structures are often unstable due to necking phenomena. Consider a rod of a
rigid-plastic incompressible work hardening material. With € the current true uniaxial strain
rate and h the current work hardening, the rate of true uniaxial stress o is equal to

6 = hé (A 5.2-50)

The applied force is equal to F = 6A, where A is the current area of the rod. The rate of the force
is therefore equal to

F = 6A+0A (A5.2-51)
On the other hand, conservation of volume requires that

Aé+A =0 (A5.2-52)
Hence, the force rate can be calculated as

F = (h-0) A€ (A5.2-53)

Instability clearly occurs if ¢ > h. For applied loads (as opposed to applied boundary
conditions), the stiffness matrix will become singular (non-positive definite).

For the large strain plasticity option, the work hardening slope for plasticity is the rate of true
stress versus the true plastic strain rate. The work hardening curve must therefore be entered as
the true stress versus the logarithmic plastic strain in a uniaxial tension test.

With the updated Lagrangian option, you cannot use the anisotropic plasticity formulation, but
you can use anisotropic elastic properties.
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Technical Background

In the following equation, the rate of virtual work is derived in the updated Lagrangian method
as

190U, dv, ddu,
f {GU o +0;; 9% 9% }dv = J. q; 8udv+jt du,ds (A 5.2-54)

In this equation, the Truesdell rate of Cauchy stress is related to the usual rate of Cauchy stress
by
T v, av. A

5. = G.——0.. —C. —3 _— -
G;; = 05 axkokj Gikaxk+0ijaxk (A 5.2-55)

and the integrations are carried out over the current volume and surface. It is also postulated
that the constitutive equations for elastic-plastic materials exist in the form

i]
Now the moduli L are not equal to the classical elastic-plastic moduli

’ 4

A 364i% 1
€—p 1)
Lukl = 2G{61k8ﬂ+ 2G6116k1 3 0'2 } (A5.2-57)
0

Nagtegaal and deJong demonstrated that these moduli supply the relation between the Jaumann
rate of Cauchy stress and the deformation rate

& = Lii"Dy, (A 5.2-58)

The Jaumann rate of Cauchy stress is related to the material rate of Cauchy stress with the
equation

-0, 0 (A5.2-59)

] .
6. =6..—® K@

ij ij ikc

kj

where the spin tensor jj is defined by
L9 (A 5.2-60)
2\0x, 9dx

The Jaumann rate of Cauchy stress is the rate of change of the Cauchy stress in a corotational
system. The material rate of Cauchy stress can be eliminated from Equation A 5.2-55 and
Equation A 5.2-59 with use of Equation A 5.2-60 which yields the relation

T J

Gj; = Gij ~ DiOy; — 63y Dy + 03Dk (A5.2-61)
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Thus the relation between the large strain moduli and the classical elastic-plastic moduli is

—1¢e-p
Lija = Liju — 8,0y = 0,8+ 0,8, (A5.2-62)
Note that the last term in Equation A 5.2-62 does not satisfy the usual symmetry relation.This
is not relevant for metal plasticity problems since the deformations are approximately
incompressible. Hence, Equation A 5.2-62 may be approximated by

Lijkl = L?jilp - 5“0'kj - 0'“8kj (A 5.2-63)

Nonlinear Boundary Conditions

There are three types of problems associated with nonlinear boundary conditions: contact,
nonlinear support, and nonlinear loading. The contact problem may be solved through the use
of special gap elements or the CONTACT option. Nonlinear support may involve nonlinear
springs and/or foundations. Sometimes nonlinearities due to rigid links that become activated
or deactivated during an analysis may be modeled through adaptive linear constraints.
Nonlinear loading is present if the loading system is nonconservative, as is the case with
follower forces or frictional slip effects.

Discontinuities are inherent in the nature of many of these nonlinearities, making the solution
by means of incremental linear approximations difficult. Some of the most severe
nonlinearities in mechanics are introduced by nonlinear boundary conditions. It is, therefore,
very important to be aware of potential problem areas and to have a good understanding of the
underlying principles. This awareness and understanding will enable you to validate numerical
answers and to take alternative approaches if an initial attempt fails.

Contact Problems

Contact problems are common occurrences that are often ignored. They are, however,
important problems, and demand serious attention in various engineering analyses. Some
examples of contact problems are the interface between the metal workpiece and the die in
metal forming processes, pipe whip in piping systems, and crash simulation in automobile
designs.

Contact problems are characterized by two important phenomena: gap opening and closing,
and friction. As shown in Figure A 5.2-4, the gap describes the contact (gap closed) and
separation (gap open) conditions of two objects (structures). Friction influences the interface
relations of the objects after they are in contact. The gap condition is dependent on the
movement (displacements) of the objects, and friction is dependent on the contact force as well
as the coefficient of (Coulomb) friction at contact surfaces. The analysis involving gap and
friction must be carried out incrementally. Iterations may also be required in each (load/time)
increment to stabilize the gap-friction behavior.

Two options are available in MARC for the simulation of a contact problem. A description of
these options (gap-friction element and the CONTACT option) is given below.
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Gap-Friction Element

In the MARC program, a gap-friction element is available for the analysis of contact problems.
This element provides gap and frictional connections between any two nodes of a structure.
This element also can model a gap in a fixed direction or sliding along a curved surface. In
addition, the element can also simulate the condition where a point is not allowed to penetrate
a given circular (2D) or spherical (3D) surface.

The gap-friction element (Element Type 12) is used to model contact problems. Refer to
Volume B (element library) for detailed information about this element.

Enter the gap-friction data through the model definition option GAP DATA.

To update the contact conditions, use the user subroutine GAPU. Both the closure distance and
the direction of closure may be modified.

Obtain additional output information regarding gap convergence by using the PRINT parameter
option.

** CAUTION **
4 N

During increment 0, the MARC program does not iterate to deal with
nonlinearities. Changes in gap status during the zeroth increment
lead to inaccurate results. If gap-friction nonlinearities occur
immediately, defer external loading until the first increment to avoid
changes in gap status during increment 0. If you specify a negative
closure distance for gap elements, MARC finds the linear solution
to the interference fit problem that is created by the “overclosed”
gaps in the zeroth increment. As long as the overclosed gaps do not
open in increment 0, the solution is correct.

N /

If higher-order isoparametric elements are used, the gap elements should be attached to only
the corner nodes. If a complete element face is in contact with a rigid wall, the situation is
comparable to a distributed pressure applied on the same element face. It is well known that in
the case of the 20-node hexahedron, a uniform surface pressure results in consistent nodal
forces of different sign so the consistent force at the corner nodes acts in the opposite direction
to the applied pressure. This means that even for completely uniform contact, the gaps at the
corner nodes would remain open. To avoid this problem, the midside nodes should be
constrained to conform to a linear displacement variation from one corner node to another, and
gap elements should be used only at the corners.

To keep the recycling (required due to changes in gap status) to a minimum during nonlinear
boundary problem simulations, use as few gap elements as possible and avoid modes of loading
that produce chatter among the different gaps.
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Technical Background

In the MARC program, the modeling of gap-friction is based on the imposition of kinematic
constraints. The minimization of the total potential energy is subject to these constraints. This
necessitates the introduction of Lagrange multipliers and the solution of an expanded system
of equations. Conditional logic determines when to enforce a constraint or when to ignore it.

During the evaluation of the stiffness matrix, the gap status is based on the estimated strain
increment. The gap status is checked again after the solution is obtained, during the recovery
of the strains and stresses. For cases where the gap status differs between assembly and
recovery due to penetration or change from slipping to sticking friction, recycling of the current
increment is enforced.

Once contact between two components has been established, the question of frictional forces
and possible slip arises. If friction is assumed to be present, additional constraints are used. Two
frictional constraints are activated upon contact. Two frictional directions are perpendicular to
each other and form the plane normal to the direction in which contact is established. If the
frictional force exceeds the maximum allowed, based on the normal force and the coefficient
of friction, an additional slip constraint is necessary to limit the magnitude of the friction force.

A simple description of the method of Lagrange multiplier for analysis of constraint conditions
follows:

Let the system equation

Ku =f (A5.2-63)

be subjected to constraint conditions

Cu=0 (A5.2-64)
Through the minimization of the augmented functional

¥ = %uTKu —u'f+ATCu (A 5.2-65)
we obtain

{gﬂ(;j B ((f)) (A 5.2-66)

This equation can be solved simultaneously for both u (displacement) and A (Lagrangian
multiplier). In the gap-friction element, the values of the Lagrangian multipliers represent
normal and frictional gap forces, as well as frictional slippage.

Rev. K.6 A5 - 4]



Volume A: User Information

CONTACT Option

Whenever two or more bodies are in contact or come in contact with each other, it is necessary
to impose non-penetration constraints. These constraints have been automated in MARC using
the CONTACT model definition option.

It should be mentioned that, in many circumstances, the more traditional ways of imposing
non-penetration (e.g., application of boundary conditions, FIXED DISPLACEMENTS, and the use
of gap elements) may achieve better results.

The basic concept in the contact features of MARC is the definition of bodies. The boundary
surfaces of these bodies contain all the geometrical information necessary to impose
non-penetration. In most circumstances, the bodies correspond to the physical model being
analyzed with finite elements. In some cases, however, a body may be present for the sole
purpose of constraining other bodies, with no analysis required. This leads to the concept of
defining both deformable bodies and rigid bodies. Deformable bodies are a simple collection
of finite elements. Rigid bodies are pure geometrical entities. A requirement is that at least one
deformable-body must be present for any finite element analysis to be performed.

The non-penetration constraint, as exemplified in Figure A 5.2-15 is expressed as

Uyens<D (A 5.2-67)
where U, is the displacement vector, n is the normal vector, and D is the distance between
the body and the rigid surface. In the finite element framework this constraint can be imposed

by several means: Lagrange multipliers, penalty functions, or solver constraints. The CONTACT
feature uses the latter approach.

Figure A 5.2-15 The Non-penetration Constraint in CONTACT
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Whenever contact between a deformable-body and a rigid-body is detected, imposed
displacements are automatically created. Whenever contact between two deformable bodies is
detected, multipoint constraints (called TIES) are automatically created. No contact between
rigid bodies is ever considered.

As stated above, a deformable-body is defined by the user as a set of elements. MARC
determines all of the nodes on the boundary, which become the set of candidate nodes for
contact. That is, the contact algorithm will attempt to prevent penetration of any of these nodes
into any defined body. Simultaneously, the body’s boundary surface is stored as a set of
geometrical entities. All boundary nodes will be prevented from crossing this surface. If it is
known where contact will occur, the CONTACT NODE option may be used to define the
candidate nodes for contact. Use of this option reduces computational costs.

A rigid-body is defined by means of a set of geometrical entities which define the boundary
surface. It is not necessary to completely define a full body envelope. Only the regions of
potential contact must be defined, provided they are all connected. Several geometrical
primitives are accepted as building blocks to construct surfaces such as straight lines, circles,
splines, and NURB curves in two dimensions and patches, ruled surfaces, surfaces of
revolution, Bezier surfaces, and NURB surfaces in three dimensions. These primitives are
described in this section. The rigid surfaces may be either represented in analytical form of in
discrete form. If the discrete form is used, all geometrical primitives are subdivided into
straight segments or flat patches. The user has control over the density of these subdivisions, in
order to approximate a curved surface within a desired degree of accuracy (Figure A 5.2-16).

The way geometrical entities are entered determines which side of the described surface is the
rigid-body. In two dimensions, the surface is described by a sequence of its geometrical
components. It is assumed that this sequence follows the periphery of the rigid-body
counter-clockwise; in other words, a normal defined by the right-hand rule points to the inside
of the body.
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Figure A 5.2-16 Rigid-body Boundary

A rigid-body motion can be applied to any rigid-body. In order to allow for complex paths,
motion is defined by means of the integration in time of instantaneous velocity fields. A rigid-
body velocity field is uniquely defined by a translation plus a rotation around a point.
Therefore, a point in space is associated with every rigid-body (regardless of whether it belongs
to its surface) to which both translational and rotational velocities can be applied.

Rev. K.6 A5 - 43



Volume A: User Information

The motion path is obtained by an explicit integration of the velocity field. This motion
definition and the need for synchronization have the consequence of all problems with
CONTACT being time-controlled. A time increment needs to be defined, whether it is relevant
for the mechanics problem being treated or not. The versatility of this approach can be
demonstrated in Figure A 5.2-17. On the left, a rigid-body defined by three straight lines, and
a translational motion completely defines a moving punch. On the right, two half circles and an
angular velocity around the center completely define a rotating roll.

0// y
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. |

////////

Figure A 5.2-17 Examples of Rigid Bodies

The MOTION CHANGE option may be used to define a new velocity. A user subroutine MOTION
has been provided, which allows for continuous variations in the velocity field to be
considered. In this way, any complicated path can be created, including stops and reversals, as
well as synchronization between motions of different bodies.

Deformable-bodies cannot have rigid-body motions. The need to move a deformable-body
other than by means of other contacting bodies, is done via traditional finite element
procedures, such as fixed displacements, point loads or distributed loads.

/ NOTES \

Although it is possible to freely move bodies around during an analysis,
it remains the user’s responsibility to make sure that deformable bodies
do not have rigid-body modes. If a body has been deformed by several
rigid bodies, and you want to calculate residual stresses by removing the
contact with the rigid bodies, it becomes necessary to apply a minimum
of boundary conditions to the body so that it will not floatin the air. It is not
necessary to constrain rigid-body motion in dynamic analysis.

The simultaneous occurrence of contact and a fixed boundary condition
at a node is assumed to mean that the node is on a line of symmetry.
Therefore, care should be taken not to apply fixed displacements to
nodes that may come into contact. Also, once this simultaneous
occurrence takes place, the boundary condition cannot be later removed.

o )
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In MARC, contact between a deformable-body and a rigid surface is insured such that the
nodes do not penetrate the rigid surface. It is possible that an edge of an element penetrates a
rigid surface, especially where high curvature is present because of the finite element
discretization. The use of the ADAPTIVE mesh generation option may be used to reduce these
problems. Contact between deformable bodies is such that each node on each body is mutually
checked for contact with each edge of every other body. There is no master/slave relation; the
default is that every body will be checked for contact versus every other body. Often we know,
a priori, that two bodies may never contact one another. The CONTACT TABLE option may be
used to so inform the program, saving computation time.

Whenever the CONTACT option is in use, increment O is a null increment. Certain initialization
operations are done at this time. For instance, the determination of all the boundary nodes, the
translation of the boundary surface into geometrical entities, or the subdivision of user-entered
rigid surface definitions into internal primitives are among them. Rigid-body profiles are often
complicated, making it difficult to determine exactly where the first point of contact is located.
If a rigid-body has a non-zero motion associated with it, the initialization procedure will bring
it to first contact with any deformable-body. If there is more than one rigid-body in the analysis,
each rigid-body which has a non-zero initial velocity will be moved until it comes into contact.

The implementation of the contact algorithms requires that the following steps are performed
every increment of an analysis.

1. Find all the nodes that are in contact. This is determined by the distance between the
nodes and surfaces. Since the distance is a calculated number, there are always
roundoff errors involved. Therefore, a contact tolerance is provided such that if the
distance calculated is below this tolerance, a node is considered in contact. This
tolerance is provided either by the user, or calculated by MARC as 1/15 of the smallest
element size for solid elements or 1/2 of the thickness for shell elements. In general, the
contact tolerance should be a small number compared to the geometrical features of the
configuration being analyzed. Another important use of the contact tolerance is
described in point 5 below.

2. For all the nodes that are in contact, determine either the tying constraints or the
imposed displacement increments along the normal to the contacted surface, as well as
a local transformation that defines such a normal. This step is repeated for each cycle of
a nonlinear problem in order to permit a node to find its equilibrium position along the
contact surface.

3. Once a convergent solution is found, contact forces are analyzed. If a contacting node
has a tensile contact force greater than the separation tolerance, the node is released
and another solution is found. The program will automatically calculate the separation
tolerance force based upon the residual forces or you can enter it directly. A large
separation tolerance ensures that there will not be any separation. If you want to move
two contacting bodies apart, a solution requiring substantial artificial stretching might
have to be found before the decision to separate is made. It is recommended that you
use the RELEASE option to totally separate two bodies or that the separation be done in
very small increments.

4. At this point, you must decide whether a node that was free at the beginning of the
increment would go through the body by the end of the increment. If this is the case,
the increment of time is reduced in size so that the first node barely reaches contact. In
this way, the beginning of the following increment detects new contact and the analysis
proceeds normally.
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5. If the controls of the problem (HISTORY DEFINITION) require a set of equally spaced
increments, the previous possible shrinking in size of an increment leads to an
increment split. MARC repeats the same increment number in order to execute the
remainder part. You can easily see that if several nodes reach contact almost
simultaneously, there is a potential for a very large number of increment splits.
However, in spite of the first split being made with respect to the first contacting node,
Step 1 (above) of the remainder increment will detect and bring into contact all
subsequent nodes that are within the tolerance band of the surfaces they will contact.
There is an advantage in making the contact tolerance as large as possible, so that the
largest possible value is still small compared with the geometrical features of the
problem.

The CONTACT option is compatible with the REZONE option of MARC. If the number of
elements that constitute a body has changed, it becomes necessary to redetermine all the
boundary nodes as well as the geometrical description of the surface. For this reason alone, the
CONTACT block can be repeated within the REZONE block of data. No other changes in
geometrical descriptions are allowed other than the deformable-body element definition.

NOTE

It is often forgotten that if a rezoning increment increases the number of
nodes, elements, or boundary conditions it is necessary to reserve space
for these features from the very beginning of the analysis. This can easily
be done on the SIZING parameter option.

In general, the data initially provided in the CONTACT option cannot be altered during an
analysis other than by the user subroutines provided. The only exceptions are the REZONE
feature described above, and the tolerances given in the third card of the option, which can be
altered either upon RESTART or REZONE.

Friction at the interface between bodies is numerically modeled by one of two methods: 1) by
means of any application of distributed shear forces, or 2) by direct application of nodal forces.
Two classical models are incorporated, namely adhesive friction (or Coulomb friction), where
friction forces are defined by the expression

f,<—uf t ‘ (A 5.2-68)
where
f;  tangential force being applied
f,  normal pressure
u friction coefficient
t tangent unit vector, in the direction of the relative velocity
Vr . . .
t = m \A relative sliding velocity
I
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and cohesive friction (or constant shear friction), where friction forces are defined by the
expression

m
t

is the tangential force being applied

is the flow stress of the material being deformed

is the friction factor

is the tangent unit vector, in the direction of the relative velocity

(A 5.2-69)

The distributed load method of implementation may be used with continuum elements using
either friction model.

Whenever shell elements are used in conjunction with the adhesive model, it becomes obvious
that contact pressures are not available in the analysis. In such cases, friction is then applied as
a lumped nodal force, following the same as Equation A 5.2-59. This method may also be used
optionally with the continuum elements.

Rev. K.6

Table A 5.2-2 Continuum Elements

Numerical Method

Friction Method Distributed Point
Adhesive possible possible (optional)
Cohesive possible not available

Table A 5.2-3 Shell Elements

Numerical Method

Friction Method Distributed Point
Adhesive distributed optional
Cohesive not available possible

NOTE

When friction forces are treated as distributed forces, the analyst should
take into consideration that no friction will be applied at an interface that

has a single node in contact.
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Equation A 5.2-68 and Equation A 5.2-69 are inequalities whenever two contacting surfaces
stick to each other, and equalities whenever surfaces slide. The character of the contact
constraints changes depending on whether there is sticking or slipping. In order to avoid this
distinction, an approximation was made within the CONTACT option in such a way that there is
always slip. However, the friction forces decrease to zero when the amount of slip also
decreases to zero. The slip or sliding velocity below which such decrease comes into effect is
given by the user. MARC is able to calculate a value if there are moving rigid bodies. This
modeling is quite robust and does not affect the quality of the solution provided the sliding
velocity referred to is small (a couple of orders of magnitude) compared to typical sliding
velocities in the analysis. In this way, only nodes that would otherwise stick are affected.

Sometimes the two standard friction models implemented are insufficient for an appropriate
friction description. To address this problem, a user subroutine UFRIC has been created that
permits the user to constantly monitor the interface conditions and modify friction. For
instance, it is possible to switch models, and make friction dependent on location, pressure,
temperature, amount of sliding, etc.

When a deformable-body contacts a rigid-body, the friction coefficient of the rigid surface is
used. When deformable-deformable contact occurs, the friction coefficient is averaged. The
CONTACT TABLE option may also be used if complex situations occur.

In metal forming analyses, the user often would like to remove the rigid surfaces and evaluate
the mechanical springback. The RELEASE option may be used to release the nodes of a
deformable-body which are in contact with a rigid-body. Either the MOTION CHANGE option
must be used to move the rigid surface away, or the CONTACT TABLE option must be used to
ensure that the nodes do not recontact the surface they were released from.

The CONTACT option has also been made compatible with the coupled thermal-mechanical
analysis capabilities of MARC. This feature produces a simultaneous solution of both heat
transfer and mechanics problems. Enhancements were made to the contact algorithms that lead
to an easy modeling of realistic coupled problems. The concept of bodies also exists. In this
case, if the bodies are deformable, a fully coupled analysis is done. A rigid-body, described so
far by its geometry, is assigned a constant temperature. A new modeling possibility was
introduced in which the body is rigid, but a heat transfer analysis is performed in it. In these
cases, the body is defined as a set of HEAT TRANSFER elements. The same boundary node
determination, as well as surface determination, is done as for deformable bodies. Mechanical
contact between a deformable-body and these rigid bodies is also done by means of ties.
However, a rigid-body motion is given to the full heat transfer mesh, controlled in the same
way a rigid-body normally is.

Heat fluxes (FILMS) are automatically created on all the boundaries of the deformable-bodies.
Two film coefficients are assigned to each body. One corresponds to free convection and is used
whenever the boundary is free. The other is a contact film, and is used whenever the boundary
is in contact with another body. In these cases the heat flux across the interface is given by

q = HD(TD-T) (A 5.2-70)

where

T is the surface temperature

HD  is the film coefficient between the two surfaces

TD is the temperature of the same contact location, as obtained from interpolation of
nodal temperatures of the body being contacted.
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When a deformable-body contacts a rigid-body, the coefficients associated with the rigid-body
are used. When two deformable bodies are in contact, the average film coefficient is used. The
CONTACT TABLE option may also be used to specify the film coefficient. As with all other
coupled problems, heat generated by plastic deformation can be calculated and applied as a
volumetric flux. The heat generated by friction is also calculated, and applied as a surface flux.

Two user subroutines are available to facilitate the creation of more sophisticated boundary flux
definitions (such as radiation and convections with variations in space, temperature, pressure,
etc.) UHTCON allows the user to specify a film coefficient while the surface is in contact, and
UHTCOE allows the user to specify a film coefficient while the surface is free.

Nonlinear Support

The MARC program provides two options for the modeling of support conditions: springs and
elastic foundations. In a nonlinear problem, the spring stiffness and the equivalent spring
stiffness of the elastic foundation can be modified through a user subroutine. In the nonlinear
spring option, the incremental force in the spring is

AF = K (Au, —Au,) (A5.2-71)

where K is the spring stiffness, Au, is the displacement increment of the degree of freedom at
the second end of the spring, and Au; is the displacement increment of the degree of freedom
at the first end of the spring.

Use the SPRINGS model definition option for the input of spring data. User subroutine USPRNG
may be used to specify the value of K based on the amount of previous deformation for
nonlinear springs. In dynamic analysis, the SPRING option may also be used to define a
dashpot.

In the elastic nonlinear foundation option, the elements in MARC may be specified as being
supported on a frictionless (nonlinear) foundation. The foundation supports the structure with
an increment force per unit area given by

AP = K(u,)Au, (A5.2-72)
where K is the equivalent spring stiffness of the foundation (per unit surface area), and Au, is
the incremental displacement of the surface at a point in the same direction as A P,,.

To input nonlinear foundation data, use the FOUNDATION model definition option.

To specify the value of K for the nonlinear equivalent spring stiffness based on the amount of
previous deformation of the foundation, use the user subroutine USPRNG.
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Nonlinear Loading

When the structure is deformed, the directions and the areas of the surface loads are changed.
For most deformed structures, such changes are so small that the effect on the equilibrium
equation can be ignored. But for some structures such as flexible shell structure with large
pressure loads, the effects on the results can be quite significant so that the surface load effects
have to be included in the finite element equations.

MARC forms both pressure stiffness and pressure terms based on current deformed
configuration with the FOLLOW FOR option. The FOLLOW FOR option should be used with the
LARGE DISP option and the parameter option CENTROID should not be included due to the use
of the residual load correction.
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A5.3 FRACTURE MECHANICS

Linear Fracture Mechanics

Linear fracture mechanics is concerned with whether cracks will form or grow. In particular, it
determines the length at which a crack propagates rapidly for specified load and boundary
conditions. The concept of linear fracture mechanics stems from Griffith’s work on purely
brittle materials. Griffith stated that, for crack propagation, the rate of elastic energy release
should at least equal the rate of energy needed for creation of a new crack surface. This concept
was extended by Irwin to include limited amounts of ductility. In Irwin’s considerations, the
inelastic deformations are confined to a very small zone near the tip of a crack.

It is easy to demonstrate that in both Griffith’s and Irwin’s considerations the elastic energy
release rate is determined by a single parameter: the strength of the singularity in the elastic
stress field at the crack tip. This is the so-called stress intensity factor, and is usually denoted
by capital K. The magnitude of K depends on the crack length, the distribution and intensity of
applied loads, and the geometry of the structure. Crack propagation will occur when any
combination of these factors causes a stress intensity factor K to be equal to or greater than the
experimentally determined material property K.. Hence, the objective of linear fracture

mechanics calculations is to determine the value of K. A more detailed discussion on stress
intensity factors is given in the next section.

The basic concept presented by Griffith and Irwin is an energy rate balance between elastic
energy release rate, and the rate of energy dissipation for crack propagation. The rate of energy
release G depends only on the stress intensity factors Ky, Kyy, and Ky

The following relations hold:

For plane strain or antiplane shear

1- V2 ) 2 I+v_,
For plane stress
G = ¢ (KT +K}) (A53-2)

Hence, if the opening mode is known, the elastic energy release rate is an alternative for direct
calculation of the stress intensity factor.

The stiffness differential procedure is a method for deriving the energy release rate directly
from the results of a single analysis. With this technique, the average release rate of elastic
energy G can be expressed as

1 248
G =, (A5.3-3)

where AS is the change in stiffness and q is the generalized displacements.
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In a finite element formulation based on the displacement method, Equation 5.3-3 may be
rewritten as

" (A5.3-4)

where u is the nodal displacement vector and AK is the change in the stiffness matrix due to
propagation of the crack, and Al is the amount of crack movement. A small propagation of the
crack only has influence on a limited number of elements in the vicinity of the crack tip.
Therefore, it is only necessary to calculate the stiffness change in a small number of elements,
and to premultiply and postmultiply those with the displacements to obtain the energy release
rate. This method was originally developed by Parks and has been implemented in MARC as
the J-INTEGRAL option. The method usually yields very accurate results at almost no increase
in cost.

Stress Intensity Factors

There are three possible modes of crack extension in linear elastic fracture mechanics: the
opening mode, sliding mode, and tearing mode (see Figure A 5.3-1)

The opening mode (see Figure A 5.3-1a), Mode I, is characterized by the symmetric separation
of the crack surfaces with respect to the plane, prior to extension (symmetric with respect to the
X-Y and X-Z planes).

The sliding mode, Mode II, is characterized by displacements in which the crack surfaces slide
over one another perpendicular to the leading edge of the crack (symmetric with respect to the
X-Y plane and skew-symmetric with respect to the X-Z plane).

The tearing mode, Mode III, finds the crack surfaces sliding with respect to one another parallel
to the leading edge (skew-symmetric with respect to the X-Y and X-Z planes).

The superposition of these three modes is sufficient to describe the most general case of crack
tip stress and deformation fields, whenever the previously described plane strain, or plane
stress, conditions can be assumed to exist.

The solutions for the near crack tip stress field for the above modes of crack extension are
shown in Table A 5.3-1. The coordinates used in Table A 5.3-1 for fracture mechanics are
shown in Figure A 5.3-2.

The significance of the expressions provided in Table A 5.3-1 is that they hold for all stationary,
sharp, and straight-through plane cracks, regardless of the configuration of the planar body or
the location of the crack. It is only the expressions for the stress intensity factors, K, which
change when going from configuration to configuration. Once the functional forms of K have
been determined, the state of elastic stress and displacement in the near crack tip region of the
planar body can be determined immediately.
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Figure A5.3-1 Irwin’s Three Basic Modes of Crack Extension
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Leading Edge of the Crack

\z(w)

Figure A5.3-2 Coordinates Measured from the Leading Edge of a Crack and the Stress
Components in the Crack Tip Stress Field

Table A 5.3-1 Irwin’s Near Crack Tip (Plane Strain) Solutions

Equation

Mode | K, 0 . 6 .30
O, = —Zﬁcosz[l—smismij

K 9[1 .0 .3 }
ny = 2anOS§ Sln§ Sln—2—

K, 6 06 36

ny = —ZJ?sinicosicos7
c, = v(cxx+o'yy)
o, = cyz =0

= KI ﬁ cose[l 2v cosze]
u= G hr 2 2

KI «/; . 0 26

VvV = 6[71{511'15[2_2\)—008 E]
w =0

NOTE: Inthe above equations V = Poisson’s ratio, G = E/2(1 + V) = shear modulus, and E = Young’s modulus
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Table A 5.3-1 Irwin’s Near Crack Tip (Plane Strain) Solutions (Continued)

Equation
Mode Il KII 0 ) 0 30
GXX = ESln—il: +COS—2—COS—§—]
o Ku 6 0 30
yy = ﬁ 1 20082(‘:0 7
c = Ky 9[1 .6 39}
Xy = 2anOS§ smi SIHT
c,, = v(oxx+0yy)
CXZ = Gyl = O
Ky Jr . 0 ¢}
u = —(}EJ%Sini[2~2V+COSZEjI
K 0 0
vV = —E—[r—cos—[— 1+2v+ sinZ—}
G fan 2 2
w=20
Mode il Ky . 6
o = —=SIn <
= Prr 2
yz 2nr 2
c)(X = cyy = GZZ = ny = O
K[" 2r ne
T 2
u=v=0
NOTE: In the above equations V = Poisson’s ratio, G = E/2(1 + V) = shear modulus, and E = Young’s modulus
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Nonlinear Fracture Mechanics

Nonlinear fracture mechanics is concerned with determining under which conditions crack
propagation (growth) occurs. In this sense, nonlinear fracture mechanics is similar to linear
fracture mechanics. However, there are additional questions addressed in nonlinear fracture
mechanics. Will the crack propagation be stable or unstable? If it is stable, at which speed will
it occur? After some propagation, will the crack be arrested?

Nonlinear fracture mechanics is still a research topic. Much work still needs to be done,
especially on propagating cracks. The main problems with propagating cracks are the large
number of parameters and the high cost of numerical analysis. Research on stationary cracks
has been developed over the past years, and some important results have been obtained.

There also exists a singularity at the crack tip in fracture mechanics problems with nonlinear
elastic-plastic material behavior, though the singularity is of a different nature. If one takes an
exponential hardening law of the form

c _(e)l/n (A5.3-5)
Oy €y .

it can be shown that the singularities in the strain and the stresses at the crack tip are of the form

e = £(0)r ™ @+D
(A5.3-6)

o = g(e)r—l/(n+1)

If n approaches infinity, the material behavior becomes perfectly plastic and the singularity in
the stresses vanishes. The singularity in the strains, however, takes the form of

e =f(0)r' (A5.3-7)

It has not been possible to establish that the strength of the singularity is the only factor that
influences initiation of crack propagation for nonlinear situations. In fact, it is doubted that
initiation of crack propagation is dependent on only a single factor. The J-integral probably
offers the best chance to have a single parameter to relate to the initiation of crack propagation.

Quarter Point Elements

The main difficulty in the finite element analysis of linear elastic fracture mechanics is
representing the solution near the crack tip. The mesh at this point must be modeled so that the
singularity is approximated with sufficient accuracy. Many methods have been devised to
arrive at such an approximation; however, the most commonly used method uses a degenerate
form of the standard 8-node quadrilateral element. This method is usually referred to as the “1/4
point node technique.” This is also the preferred technique for analysis with the MARC
program.
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Best results have been obtained in planar or axisymmetric analysis by:
» using 8-node quadrilateral elements degenerated to triangles

« moving the nodes on the midsides adjacent to the cracktip to one quarter of the edge
length (see Figure A 5.3-3)

» keeping the edge opposite the crack straight

When these steps are followed, a singularity of the form 1/ (ﬁ) in the stress field exists in all

directions going radially outward from the crack tip. In three-dimensional analysis, best results
are obtained if 20-node brick elements are degenerated to wedges in the same way as the
8-node quadrilaterals are degenerated to triangles. In this case, the edge nodes on the four edges
adjacent to the crack front have to be moved to one-quarter of the edge length from the crack

tip.

A more detailed description of these degenerated elements is given by Barsoum. Figure A 5.3-4
illustrates a typical arrangement of the quarter point elements at the tip of a crack.

The 1/4 point node technique is also applicable to elastic-plastic analysis. In this type of
analysis, strain singularities of 1/ (ﬁ) and 1/r occur.
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Dynamic Crack Propagation

The concepts of fracture mechanics discussed in previous sections have been applied to the
prediction of crack initiation, as well as slow stable crack growth of statically loaded structures
and for the prediction of fatigue crack growth in cyclically loaded structures. In problems
where inertial effects cannot be ignored, application of quasi-static fracture mechanics
techniques may lead (o erroneous conclusions. The use of dynamic fracture mechanics
concepts for these problems is clearly of necessity. The main emphasis on dynamic fracture
mechanics is to predict the initiation of stationary cracks in structures, which are subjected to
impact loading. It also focuses on the conditions for the continuous growth of fast propagating
cracks, and on the conditions under which a crack is arrested.

The problem of predicting the growth rate and the possible crack arrest point is quite
complicated. It is often treated by means of a so-called dynamic fracture methodology, which
requires the combined use of experimental measurements and of detailed finite element
analyses. An essential step in this approach is formed by the numerical simulation of
propagating cracks by means of the finite element method.

An extended version of the J-integral originally proposed by Rice has been implemented into
the MARC program. The extended J-integral takes into account the effect of inertial and body
forces, thermal and mechanical loading and initial strains. The expression for the extended
J-integral is then transformed into a surface integral for a straightforward evaluation of its
value, by means of numerical integration techniques.

The use of parameter option DYNAMIC and the model definition option LORENZI allows for the
calculation of dynamic energy release rates for cracked bodies which are subjected to arbitrary
thermal and mechanical loadings including initial stresses.
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Dynamic Fracture Methodology

In complete similarity with static fracture mechanics concepts, it is assumed that dynamic
crack growth processes for linear materials are governed by the following condition:

K;(t) = R, (4,T,B) i>0 (A5.3-8)

where K{(t) is the dynamic stress intensity factor for mode I, 4 is the crack velocity, and Rypy is
the dynamic crack propagation toughness, which is assumed to be a material parameter that in
general will depend on crack velocity 4, temperature T, and specimen thickness B.

The dynamic stress intensity factor will depend on crack length (a), applied loading (o), time
(t), specimen dimensions (D), temperature (T) and initial stress fields (0;) caused by residual
stresses or by an initial strain field. The prediction of the crack propagation history and crack
arrest event demands complete knowledge of the Rypy vs. 4 relation. The “Dynamic Fracture
Methodology” procedure consists of the following two phases:

1. Generation phase — in this phase a crack arrest experiment is performed, yielding a
crack propagation-versus-time curve. In addition, a numerical simulation of the
experiment is carried out by using the measured crack propagation curve. This is used
as input for the numerical model. This allows the calculation of dynamic stress
intensity factors as a function of time. Combination of the latter relation with the
measured crack propagation curve will result in a curve, which may be considered the
dynamic crack propagation toughness-versus-crack velocity relation.

2. Application phase — in order to predict the crack growth and possible crack arrest point
in a structural component, the inverse problem is solved. Now the actual stress
intensity factors are calculated for the structural component, that is subjected to a
particular loading history, by means of a dynamic finite element analysis. These
calculated values are compared to the fracture toughness curve obtained during the
generation phase, Equation A 5.3-8, and from this the crack growth is predicted.

J-integral Evaluation

The MARC program allows the evaluation of the J-integral through two different procedures.
The first method described in this section evaluates the J-integral of Rice using the Parks
method. The extended J-integral of Kishimoto and DeLorenzi is discussed in the following
section.

The MARC program allows the evaluation of the J-integral by calculating the change in strain
energy due to nodal movement during any analysis. Several values of the J-integral may be
obtained by choosing several paths. The plastic strains are included in the definition of strain
energy change for elastic-plastic analysis. In this way, the J-integral for the equivalent
nonlinear elastic material is evaluated.

This J-integral evaluation feature is invoked through the use of the J-INTEGRAL model
definition option. You must use the ALL POINTS option for this evaluation.
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You can apply this method for the evaluation of the J-integral for structures with static loads.
For dynamic or thermally driven problems, the extended J-integral discussed in the next section
should be used. The method can be applied for elastic, elastic-plastic, and geometrically
nonlinear responses. In the second case, the integral is evaluated for the equivalent nonlinear
elastic material.

High accuracy can be achieved with a very coarse model through this method because it is
based on the strain energy of the mesh, rather than on local values of stress or displacement.

The J-integral evaluation option can be used with either first- or second-order elements. The
use of quarter-point elements at the crack tip is recommended.

To estimate the J-integral for each load case in elastic re-analysis, use the ELASTIC parameter
option.

The program prints out the change in strain energy. This value must then be divided by the
change in crack surface area to obtain the J-integral.

It can be proved that for a nonlinear elastic material, the J-integral is equal to the energy release
rate G, and that it is path-independent.

For an elastic-plastic material, the J-integral is uniquely defined outside the plastic region. It
approximately equals the energy release rate for crack propagation.

The evaluation of the J-integral in MARC is based on node movement and numerical
differentiation to obtain the change in the potential energy as a function of nodal positions. It
is assumed that the loads are not changed by node movement, so that the only concern is the
change in strain energy

E= Y jwe(e)dv (A5.3-9)

elements vy

where the T represents an appropriate sum over nodes associated with the element whose
volume is represented in the integral and We(e) is the strain energy density.

“N-N

E _ dp;;u d [dV|4y0

D) [o, —dv+ Y jwa‘ﬁldv (A 5.3-10)

elements vy elements 0

(=N

This quantity is evaluated (by numerical differentiation) at each increment for each prescribed
nodal movement to evaluate dE/d1 at the end of each increment.

The J-integral procedure is not applicable for body forces, thermal stress analysis, creep
analysis, or dynamics.

An Extended J-integral

Since the J-integral was proposed by Rice, various researchers have presented extensions of the
initially proposed J-integral in order to account for various effects such as plastic deformation,
body forces, thermal loading, inertial forces, large displacements, and large strains. In the
following section a modified J-integral, which incorporates most of the aforementioned effects,
is presented.
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Conservation Laws

Consider a structure with a subregion Q that has a volume V and a boundary I with surface S
to which an arbitrary coordinate mapping x' = x + 8x is applied. When the coordinate change
8x is infinitesimal, it can be shown that the following holds:

au, 90x, dy; .oy 3?_8
!Sxk (Wﬁjk - Gl}a—Xk)nudS +£-[ {W; [Wﬁjk - GUB_Xk) + Sxk (fl - pui) "a—x—'k - GUa—-xk} dv =0 (A 5.3'1 1)

where W is the elastic strain energy density, and n is the outward normal to T.

For a unit virtual translation of Q in the xy direction and in the absence of body forces, inertial
effects and initial stresses (Equation A 5.3-11) reduces to

du,
Jr (Wnk—tig)—(;)ds =0 (A5.3-12)

where the traction vector on I' is defined by t; = gjj 1.

Equation A 5.3-12 states that during such a translation of a subregion of the body the change
of the strain energy is equal to the work done by the external tractions on the surface of the
subregion.

Application to Sharply Notched Defects

The conservation law according to Equation A 5.3-11 will now be applied to a structure
containing a sharply notched defect in order to derive a general path-independent integral,
which characterizes the fracture process.

In the following, we will restrict ourselves to a plane structure only without the loss of
generality. Consider a plate of thickness t containing a crack which coincides with the X]

direction. The x, axis is perpendicular to the crack surface. As illustrated in Figure A 5.3-5, we
consider a subregion Q with a closed surface I'y + I'y; + I, where Iy is any arbitrary chosen
contour surrounding the crack tip, Iy; the fracture surface and I, is a circular contour with
radius r—0 surrounding the process zone that is of negligible size and in which continuum
mechanics may not be applied. Note that the normal direction on I, is chosen opposite to the
normal on I';.

If a crack extension Aa is considered, which may be treated as a constant virtual coordinate
movement 8x = (Aa, 0, 0) in Q, application of the conservation law of Equation A 5.3-11 to
the region Q; with its closed surface consisting of 'y, T; and I'p will result in:

dy; oy, . dy; ( Loy ae?j A5.3-13
J‘(Fanl—tia—x]]dS—IFsltia—x]dS—rh_T (Wn—tia—x]JdS—IQI (fi—pu)a—xl—oij—aTl)dV=0( 3-13)
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Ty
Figure A5.3-5 Closed Contour Used in the Evaluation of the J-integral

The amount of energy that is dissipated in the process zone per unit crack extension; i.e., the
rate of energy released at the crack tip, is expressed by the limiting value of the integral along
I'p in the above relation. We will define this rate of energy as:

ou.
J = lim jr (Wnl g )dS (A5.3-14)

r—0

Based on Equation A 5.3-13, J may be written as:

du, du, du, 88?]
J=Irp(Wn1 s )dS Jr ide IQ (fi - pu)a Sidx, dV (A5.3-15)

For the situation that body forces, inertia forces, initial strains and tractions on the crack
surfaces are absent, J reduces to the path-independent integral proposed by Rice:

du,
J=IF1 (Wnl tige )dS (A5.3-16)

The stress/strain fields at the crack tip may be characterized by evaluating an integral away
from the crack tip. In the case that the previously mentioned effects are present, the property
that J can be determined based on the far field solution is no longer valid, because the value of
the integral along T'; will depend on the distance of I'y to the crack tip. It is worth mentioning

that no assumptions were made for the particular choice of I'j. This choice is, therefore,
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arbitrary. Evaluation of J, however, requires full knowledge of the mechanical state within the
Q region. The only restriction imposed so far is that a strain energy density function exists

which relates stresses to strains.

Numerical evaluation of J

The solution of realistic fracture problems in most cases can only be carried out using
numerical techniques (e.g. the finite element method). The numerical evaluation of J in 2D
situations requires the calculation of both a line and a surface integral. In the following, an
alternative formulation of J in which only surface integrals are involved has been derived.
Consider a region €, surrounded by the contours I'j, T'; and T (see Figure A 5.3-6) by using

the conservation law of Equation A 5.3-11 and by choosing 8xy such that: x,= 8x3 = 0 both in
€, and on its boundary 8x; = Aa on I'j and 8x; = 0 on T, the following expression can be
derived:

| 08x, o, 9*1( i) U aeg) o, Ou A5.3-17
= o (Yo JV Lo (G o v [ iugges A3

where Q = QI+Q2 and FS = Fsl+l"52.

Within a finite element program, this expression for J can be readily evaluated by means of the
commonly used numerical integration methods.

Figure A5.3-6 Numerical Evaluation for J-integral
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In case of the absence of body forces, free surface tractions, inertial effects, and initial strains
the above expression reduces to:

-1 88x1 aui
T Aale a‘x“j (Walj_cija_xl)dv (A 5.3-18)

The extended J-integral is evaluated by using the LORENZI model definition option. In this
option, you define the elements in region Q; and Q, and prescribe the displacements of the

nodes in Q).

Physical Interpretation of J

The J-integral which was proposed by Rice as defined in Equation 5.3-20 can be interpreted as
the amount of energy which flows through the contour I'; per unit crack advance. If no work is

done by tractions within the contour I’y or on the crack surface and no energy is dissipated other

than the energy that is associated with crack growth in the process zone, J equals the rate of
energy that is released at the crack tip. This energy rate is absorbed in the process-zone when
advancing the crack forward. In case the previously mentioned conditions are not fulfilled, the
energy rate J that flows through I'; will depend on the choice of I'; and thus does not equal the

energy released at the crack tip.

In contrast, J according to Equation 5.3-19 defines the net difference between the rate of energy
that flows through T'; and the energy that is consumed within the region enclosed by I'y. J,

therefore, expresses the energy flow to the crack tip per unit crack advance, and is independent
of the choice of I'y.
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A54 DYNAMICS

MARC has a dynamic analysis capability which allows you to perform the following
calculations:

* Eigenvalue extraction

* Transient analysis

* Harmonic response

* Spectrum response analysis

The program contains two methods for eigenvalue extraction and three time integration
operators. Nonlinear effects, including material nonlinearity, geometric nonlinearity, and
boundary nonlinearity, may be incorporated.

Linear problems can be analyzed using modal superposition or direct integration. All nonlinear
problems should be analyzed using direct integration methods.

In addition to distributed mass, you can also attach concentrated masses associated with each
degree of freedom of the system. You can include damping in either the modal superposition
or the direct integration methods. You can also include (nonuniform) displacement and/or
velocity as an initial condition, and apply time-dependent forces and/or displacements as
boundary conditions.

Eigenvalue Analysis

The MARC program uses either the inverse power sweep method or the Lanczos method to
extract eigenvalues and eigenvectors. The DYNAMIC parameter is used to determine which
procedure to use, and how many modes are to be extracted. The inverse power sweep method
is typically used for extracting a few modes while the Lanczos method is optimal for more
modes. After the modes are extracted, they can be used in a transient analysis or spectrum
response calculation.

In dynamic eigenvalue analysis, we find the solution to an undamped linear dynamics problem:
(K-o*M)$ = 0

where K is the stiffness matrix, M is the mass matrix, o are the eigenvalues (frequencies) and
¢ are the eigenvectors. In MARC, if the extraction is performed after increment zero, K is the
tangent stiffness matrix, which may include material and geometrically nonlinear
contributions. The mass matrix is formed from both distributed mass and point masses.

Inverse Power Sweep

The MARC program creates an initial trial vector. To obtain a new vector, the program
multiplies the initial vector by the mass matrix and the inverse (factorized) stiffness matrix.
This process is repeated until convergence is reached according to either of the following
criteria: single eigenvalue convergence or double eigenvalue convergence. In single eigenvalue
convergence, the program computes an eigenvalue at each iteration. Convergence is assumed
when the values of two successive iterations are within a prescribed tolerance. In double
eigenvalue convergence, the program assumes that the trial vector is a linear combination of
two eigenvectors.

A5 - 66 Rev. K.6



Volume A: User Information

Using the three latest vectors, the program calculates two eigenvalues. It compares these two
values with the two values calculated in the previous step; convergence is assumed if they are
within the prescribed tolerance.

When an eigenvalue has been calculated, the program either exits from the extraction loop (if
a sufficient number of vectors has been extracted) or it creates a new trial vector for the next
calculation. If a single eigenvalue was obtained, the program uses the double eigenvalue
routine to obtain the best trial vector for the next eigenvalue. If two eigenvalues were obtained,
the program creates an arbitrary trial vector orthogonal to the previously obtained vectors.

After the program has calculated the first eigenvalue, it orthogonalizes the trial vector at each
iteration to previously extracted vectors (using the Gram-Schmidt orthogonalization
procedure). Note that the power shift procedure is available with the inverse power sweep
method.

To select the power shift, set the following parameters:

o Initial shift frequency. — This is normally set to zero (unless the structure has rigid body
modes, preventing a decomposition around the zeroth frequency).

» Number of modes to be extracted between each shift. — A value smaller than five is
probably not economical because a shift requires a new decomposition of the stiffness
matrix.

* Auto shift parameter. —- When you decide to do a shift, the new shift point is set to

Highest frequency? + scalar x (highest frequency - next highest frequency)?

You can define the value of the scalar through the MODAL SHAPE option.

The Lanczos Method

The Lanczos algorithm converts the original eigenvalue problem into the determination of the
eigenvalues of a tri-diagonal matrix. The method can be used either for the determination of all
modes or for the calculation of a small number of modes. For the latter case, the Lanczos
method is the most efficient eigenvalue extraction algorithm. A simple description of the
algorithm is as follows.

Consider the eigenvalue problem:
—o*Meu+Keu =0 (A5.4-1)

Equation (5.4-1) can be rewritten as:

izM.u=M.K-1.M.u (A5.4-2)

®

Consider the transformation:

u=Qen (A5.4-3)
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Substituting (Equation A 5.4-3) into (Equation A 5.4-2) and pre-multiplying by the matrix Q7
on both sides of the equation, we have

—%QToMoQoanToMoK_loMoQon (A54-4)
®

The Lanczos algorithm will result in a transformation matrix Q such that:

Q'eMeQ =1 (A5.4-5)

Q" M-K'' MQ=T (A 5.4-6)

where the matrix T is a symmetrical tri-diagonal matrix of the form:

o, B2 0
B, o, Bs

=
I

(A5.4-7)

Consequently, the original eigenvalue problem (Equation A 5.4-2) is reduced to the following
new eigenvalue problem:

Ln=Ten (A5.4-8)
(O]

The eigenvalues in equation (5.4-8) can be calculated by the standard QL-method.

Through the MODAL SHAPE option, you can either select the number of modes to be extracted,
or a range of modes to be extracted. The Sturm sequence check can be used to verify that all of
the required eigenvalues have been found. In addition, you can select the lowest frequency to
be extracted to be greater than zero.

The Lanczos procedure also allows you to restart the analysis at a later time and extract
additional roots. It is unnecessary to recalculate previously obtained roots using this option.

Convergence Controls
Eigenvalue extraction is controlled by:

A. The maximum number of iterations per mode in the power sweep method; or the
maximum number of iterations for all modes in the Lanczos iteration method,

B. An eigenvalue has converged when the difference between the eigenvalues in two
consecutive sweeps divided by the eigenvalue is less than the tolerance, and

C. the Lanczos iteration method has converged when the normalized difference between
all eigenvalues satisfies the tolerance. The maximum number of iterations and the
tolerance are specified through the MODAL SHAPE history definitions.
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Modal Stresses and Reactions

After the modal shapes (and frequencies) are extracted, the RECOVER load incrementation
option allows for the recovery of stresses and reactions at a specified mode. This option can be
repeated for any of the extracted modes. The stresses are computed from the modal

displacement vector ¢; the nodal reactions are calculated from F=K ¢ - w? Mbo¢. The RECOVER
option is also used to place eigenvectors on the POST tape.

Transient Analysis

Transient dynamic analysis deals with an initial-boundary value problem. In order to solve the
equations of motion of a structural system, it is important to specify proper initial and boundary
conditions. You obtain the solution to the equations of motion by using either modal
superposition (for linear systems) or direct integration (for linear or nonlinear systems). In
direct integration, selecting a proper time step is very important. For both methods, you can
include damping in the system.

The sections that follow discuss the six aspects of transient analysis listed below.

* Modal Superposition
* Direct Integration

* Time Step Definition
* Initial Conditions

* Boundary Conditions
* Damping

Modal Superposition

The modal superposition method predicts the dynamic response of a linear structural system.
In using this method, we assume that the dynamic response of the system can be expressed as
a linear combination of the mode shapes of the system. For the principle of superposition to be
valid, the structural system must be linear. Damping can be applied to each mode used in the
superposition procedure.

To select the eigenvalue extraction method and the number of modal shapes, use the parameter
DYNAMIC.

To select a fraction of critical damping for each mode, use the DAMPING model definition
option.

To select the time step, use the history definition option DYNAMIC CHANGE.

The program obtains the transient response on the basis of eigenmodes extracted. The number
of modes extracted (rather than the choice of time step) governs the accuracy of the solution.

Consider the general linear undamped problem

Meii+Keu = f(t) (A5.4-9)

and suppose that n eigenvectors 9y,..., ¢, are known.

u = Xd,u; (1) (A5.4-10)
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The eigenmodes are orthogonal with respect to the M and K matrices. After substitution in
Equation A 5.4-9, we find a set of uncoupled dynamic equations

m;ii; +k;u; = f (1) (A5.4-11)
where:

m; = ¢iTM¢i (A5.4-12)

k = ¢, Ko, (A5.4-13)

f(t) = o] o £(1) (A5.4-14)

We can introduce damping on each mode as a fraction of critical damping (;) for that mode.
We may rewrite Equation A 5.4-11 in the form

myii; + 2m;o L + k;u; = £, (1) (A5.4-15)

Equation A 5.4-11 or Equation A 5.4-15 can be solved exactly for u;(t). The response of the
structure is obtained by use of Equation A 5.4-10.

Direct Integration

Direct integration is a numerical method for solving the equations of motion of a dynamic
system. It is used for both linear and nonlinear problems. In nonlinear problems, the nonlinear
effects may include geometric, material, and boundary nonlinearities. For transient analysis,
the MARC program offers three direct integration operators listed below.

» Newmark-beta imp e o€
¢ Houbolt “
* Central difference  axplici ¢l

To select the direct integration operator, use the DYNAMIC option. Specify the time step size
through the DYNAMIC CHANGE or AUTO TIME option. Direct integration techniques are
imprecise; this is true regardless of which technique you use. Each technique exhibits at least
one of the following problems: conditional stability, artificial damping, and phase errors.

The Newmark-beta operator is probably the most popular direct integration method used in
finite element analysis. For linear problems, it is unconditionally stable and exhibits no
numerical damping. The Newmark-beta operator can effectively obtain solutions for linear and
nonlinear problems for a wide range of loadings. The procedure allows for change of time step,
so it can be used in problems where sudden impact makes a reduction of time step desirable.
This operator may be used with adaptive time step control. While this method is stable for
linear problems, instability may develop if nonlinearities occur. By reducing the time step and/
or adding (stiffness) damping, you can overcome these problems.

The Houbolt operator has the same unconditional stability as the Newmark-beta operator. In
addition, it has strong numerical damping characteristics, particularly for higher frequencies.
This strong damping makes the method very stable for nonlinear problems as well. In fact,
stability increases with the time step size. The drawback of this high damping is that the
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solution may become inaccurate for large time steps. Hence, the results obtained with the
Houbolt operator usually have a smooth appearance, but are not necessarily accurate. The
Houbolt integration operator, implemented in MARC as a fixed time step procedure, is
particularly useful in obtaining a rough scoping solution to the problem.

The explicit central difference operators for IDYN=4 and IDYN=5 are only conditionally
stable. The program automatically calculates the maximum allowable time step. This method
is not very useful for shell or beam structures because the high frequencies result in a very small
stability limit. This method is particularly useful for analysis of shock-type phenomena. In this
procedure, since the operator matrix is a diagonal mass matrix no inverse of operator matrix is
needed. However, this fact also implies that you cannot use this method in problems having
degrees of freedom with zero mass. This restriction precludes use of the Herrmann elements,
gap-friction elements, the pipe bend element, and Element 72. Element 72 is precluded because
it has a rotational degree of freedom, which does not have an associated mass. The mass is
updated only if the UPDATE option or the CONTACT option is used.

Technical Background
Consider the equations of motion of a structural system:

Ma+Cv+Ku = F (A5.4-16)

where M, C, and K are mass, damping, and stiffness matrices, respectively, and a, v, u, and F
are acceleration, velocity, displacement, and force vectors. Various direct integration operators
can be used to integrate the equations of motion to obtain the dynamic response of the structural
system. The technical background of the three direct integration operators available in MARC
is described below.

Newmark-Beta Operator

The generalized form of the Newmark-beta operator is
"= w" A+ (172 - B) Ata" + BAZa" ! (A5.4-17)

n+1

VL= V4 (1) Ata” + yAta" ! (A5.4-18)
where superscript n denotes a value at the nth time step and u, v, and a take on their usual
meanings.

The particular form of the dynamic equations corresponding to the trapezoidal rule

y=1/2, p=1/4

results in
4 2 n+1 n n 4 n n
(——2M+BC+K)Au = B oI M@+ V) 4 Cy (A5.4-19)
At
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where the internal force I is

I=[p'oav (A 5.4-20)

Equation A 5.4-19 allows implicit solution of the system

n+1

u = u"+Au (A5.4-21)

Notice that the operator matrix includes K, the tangent stiffness matrix. Hence, any nonlinearity
results in a reformulation of the operator matrix. Additionally, if the time step changes, this
matrix must be recalculated because the operator matrix also depends on the time step. It is
possible to change the values of y and B through the DYNAMIC CHANGE option.

Houbolt Operator

The Houbolt operator is based on the use of a cubic fitted through three previous points and the
current (unknown) in time. This results in the equations

Vit = (Eu"+1—3un+§u"_l—1un_2)/At (A 5.4-22)
6 2 3
and
n+1 n+l n n-1 n-2 2
a" "l = (2u" T o sut k4" T "2 /At (A 5.4-23)

Substituting this into the equation of motion results in

%M+£C+K Au=F““—I“+i2(3u“-4u“‘1+u“'2)M+
AP OA At
1 71 3 n-1,1n-2
AT L b

(A5.4-24)
)C

This equation provides an implicit solution scheme. By solving Equation A 5.4-21 for Au, you
obtain Equation A 5.4-25, and so obtain v"**! and a™*!.

n+1

u = u"+Au (A 5.4-25)

Equation A 5.4-24 is based on uniform time steps — errors occur when the time step is changed.
Also, a special starting procedure is necessary since u™! and u2 appear in Equation A 5.4-24.

Central Difference Operator

The central difference operator assumes a quadratic variation in the displacement with respect
to time.

a" = (VT2 2y Ay (A 5.4-26)
V= @202y A (A5.4-27)
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so that
a" = (Ad"t! - (Au)") /(AP (A 5.4-28)
where
A" = "ot (A 5.4-29)
for IDYN=4:
—L%Au"“ - F -1+ MéAu" | (A 5.4-30)
At At
for IDYN=5:
%An"“ = F“—I“+AMtZAu“—CVn_l (A5.4-31)

2

Since the mass matrix is diagonal, no inverse of the operator matrix is needed. Also, since the
operator is only conditionally stable, the critical time step is evaluated at the beginning of the
analysis. For IDYN=4, the critical time step is computed by a power sweep for the highest
mode in the system only at the beginning of the analysis. For IDYN=5, an approximated
method based on element geometry is used to compute the highest eigenvalue. The critical time
step is calculated for each time step whenever the UPDATE option is used in the analysis. The
variable time step can be used only for IDYN=S5. Unless there is significant distortion in an
clement, the change of critical time step will not be significant.

Time Step Definition

In a transient dynamic analysis, time step parameters are required for integration in time. The
DYNAMIC CHANGE option may be used for either the modal superposition or the direct
integration procedure. The AUTO TIME option may be used for the Newmark-beta operator to
invoke the adaptive time control. Enter parameters to specify the time step size and period of
time for this set of boundary conditions. '

When using the Newmark-beta operator, decide which frequencies are important to the
response. The time step in this method should not exceed 10 percent of the period of the highest
relevant frequency in the structure. Otherwise, large phase errors will occur. The phenomenon
usually associated with too large a time step is strong oscillatory accelerations. With even larger
time steps, the velocities start oscillating. With still larger steps, the displacement eventually
oscillates. In nonlinear problems, instability usually follows oscillation. When using adaptive
dynamics, you should prescribe a maximum time step.

As in the Newmark-beta operator, the time step in Houbolt integration should not exceed 10
percent of the period of the highest frequency of interest. However, the Houbolt method not
only causes phase errors, it also causes strong artificial damping. Therefore, high frequencies
are damped out quickly and no obvious oscillations occur. It is, therefore, completely up to the
engineer to determine whether the time step was adequate.
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In nonlinear problems, the mode shapes and frequencies are strong functions of time because
of plasticity and large displacement effects, so that the above guidelines may be only a coarse
approximation. To obtain a more accurate estimate, repeat the analysis with a significantly
different time step (1/5 to 1/10 of the original) and compare responses.

The central difference integration method is only conditionally stabie; the program
automatically calculates the stable time step. This step size yields accurate results for all
practical problems.

Initial Conditions

In a transient dynamic analysis, you can specify initial conditions such as nodal displacements
and/or nodal velocities. To enter initial conditions, use the following model definition cards:
INITIAL DISP for specified nodal displacements, and INITIAL VEL for specified nodal velocities.
As an alternative, you may use the user subroutine USINC.

Time-Dependent Boundary Conditions

Simple time-dependent load or displacement histories may be entered on data cards. However,
in general cases with complex load histories, it is often more convenient to enter the history
through a user subroutine. MARC allows the use of subroutines FORCDT and FORCEM for
boundary conditions. Subroutine FORCDT allows you to specify the time-dependent
incremental point loads and incremental displacements. Subroutine FORCEM allows you to
specify the time-dependent magnitude of the distributed load.

Damping

In a transient dynamic analysis, damping represents the dissipation of energy in the structural
system. It also retards the response of the structural system.

The MARC program allows you to enter two types of damping in a transient dynamic analysis:
modal damping and Rayleigh damping. Use modal damping for the modal superposition
method and Rayleigh damping for the direct integration method. For modal superposition, you
may include damping associated with each mode. To do this, use the DAMPING option block to
enter the fraction of critical damping to be used with each mode.

During time integration, the program associates the corresponding damping fraction with each
mode. The program bases integration on the usual assumption that the damping matrix of the
system 1is a linear combination of the mass and stiffness matrices, so that damping does not
change the modes of the system.

For direct integration damping, you can specify the damping matrix as a linear combination of
the mass and stiffness matrices of the system. You can specify damping coefficients on an
element basis.

Stiffness damping should not be applied to either Herrmann elements or gap elements because
of the presence of Lagrangian multipliers.

Numerical damping is used to damp out unwanted high-frequency chatter in the structure. If
the time step is decreased (stiffness damping may cause too much damping), use the numerical
damping option to make the damping (stiffness) coefficient proportional to the time step. Thus,
if the time step decreases, high-frequency response can still be accurately represented. This
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type of damping is particularly useful in problems where the characteristics of the model and/
or the response change strongly during analysis (e.g., problems involving opening or closing

gaps).

Element damping uses coefficients on the element matrices and is represented by the equation:

- At
C= )Y oM+ B +7—)K; (A5.4-32)

i=1
where

C is the global damping matrix
M; is the mass matrix of i element

K; is the stiffness matrix of the i element
o; is the mass damping coefficient on the i" element
B; is the usual stiffness damping coefficient on the ih element

y; is the numerical damping coefficient on the i element
At is the time increment

If the same damping coefficients are used throughout the structure, Equation A 5.4-32 is
equivalent to Rayleigh damping.

The damping coefficients associated with springs (stiffness and numerical damping) and with
mass points (mass damping) are zero. The damping on elastic foundations is the same as the
damping on the element on which the foundation is applied. For springs, a dashpot can be
added for nonlinear analysis.

Harmonic Response

Harmonic response analysis allows you to analyze structures vibrating around an equilibrium
state. This equilibrium state may be unstressed or statically prestressed. Statically prestressed
equilibrium states may include material and/or geometric nonlinearities. You can compute the
damped response for prestressed structures at various states.

In many practical applications, components are dynamically excited. These dynamic
excitations are often harmonic and usually cause only small amplitude vibrations. MARC
linearizes the problem around the equilibrium state. If the equilibrium state is a nonlinear,
statically prestressed situation, MARC considers all effects of the nonlinear deformation on the
dynamic solution. These effects include the following:

 jnitial stress
* change of geometry
¢ influence on constitutive law

The vibration problem can be solved as a linear problem using complex arithmetic.
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The analytical procedure consists of the following steps:

1. MARC calculates the response of the structure to a static preload (which may be
nonlinear) based on the constitutive equation for the material response. In this portion
of the analysis, the program ignores inertial effects.

2. MARC calculates the complex-valued amplitudes of the superimposed response for
each given frequency, and amplitude of the boundary tractions and/or displacements. In
this portion of the analysis, the program considers both material behavior and inertial
effects.

3. You can apply different loads with different frequencies or change the static preload at
your discretion. All data relevant to the static response is stored during calculation of
the complex response.

To initiate a harmonic response analysis, use the HARMONIC parameter. To define the excitation
frequency, use the HARMONIC history definition option. If you enter the HARMONIC history
definition option with a set of incremental data, the program assumes those incremental data
apply only for the harmonic excitation. This is true for applied boundary conditions as well as
loads.

The small amplitude vibration problem can be written with complex arithmetic as follows
[K+ioD-o’M]u = P (A 5.4-33)

where
U =ug +iu, complex response vector
P =P, +iP;, complex load vector
The notation is further defined below:

K = IK, +IK,, (A 5.4-34)

where
K. are element stiffness matrices
Ksp are the spring stiffness matrices

M = IM_ +3IM (A 5.4-35)

where

M, are element mass matrices
My, are masspoint contributions

D = =D, + XD, + oK + BM + 207K (A5.4-36)
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where

D, are element damping matrices
Dy  are damper contributions

stiffness damping coefficient

mass damping coefficient

numerical damping coefficient

=J-1

= excitation frequencies

= U, + iUy, complex response vector

p =P, + iP;;,, complex load vector

cE g = =R

If all external loads and forced displacements are in phase and the system is undamped, this
equation reduces to

(K-o'M)u, =P (A 5.4-37)

re

which could be solved without activating the complex arithmetic on the parameter option
HARMONIC.

The values of the damping coefficients (o, B, y) are entered via the model definition option
DAMPING. The spring and damper contributions are entered in the model definition option
SPRINGS and mass points are specified in model definition option MASSES.

The element damping matrix (D) can be obtained for any material with the use of a material

damping matrix which is specified in the user-entered subroutine UCOMPL. You specify the
material response with the constitutive equation.

c = Be+Cé (A 5.4-38)

where B and C may be functions of deformation and/or frequency.

The global damping matrix is formed by the integrated triple product. The following equation
is used:

T
D = I, [,,B CdV, (A 5.4-39)

where B is the strain-displacement relation.

Similarly, the stiffness matrix K is based on the elastic material matrix B. The program
calculates the response of the system by solving the complex equations:

[K+ioD - @*M]u = P (A 5.4-40)

where u now is the complex response vector

u=u,+iu, (A5.4-41)
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A special application of the harmonic excitation capability involves the use of the elastomeric
analysis capability in MARC. Here, the Mooney formulation (used in conjunction with the
various Herrmann elements) is used to model the stress-strain behavior of the elastomeric
compound. In MARC, the behavior is derived from the third order invariant form of the strain
energy density function.

W (I}, 1)) = Cyo(I;=3) +Cyy (I,-3) +C,, (I, - 3) (I, - 3)

) , (A5.4-42)
+Cpo (I, =3)%+Cyy (I, - 3)

with the incompressibility constraint

I, = 1 (A5.4-43)

where Iy, I, and I3 are the invariants of the deformation. For the harmonic excitation, the
constitutive equation has the specific form

AS; = [Djji1 + 2i00,,,1 AEy (A 5.4-44)

with Dj;y) as the quasi-static moduli following form the MOONEY strain energy density function
and

— S S R R T 1 el
Pijki = 9o [Cix G +C; C 1+, [8,,C; +C) 8,y ]

— 1 1 — 1, =
+¢2 [Ciijl +C; Cjk] +¢05ijckl +¢116ij8k1 (A 5.4-45)
— p— _1 — —_—
+0128,,Ct + 050C;;Cy + 05, C;8,, + 02,CCy

The output of MARC consists of stresses, strains, displacements and reaction forces, all of
which may be complex quantities. The strains are given by

€E=fPeu (A 5.4-46)
and the stresses by

0 =BE+Ce (A5.4-47)
The reaction forces are calculated with

R = Kil - 0’Mi +i0ED,u +i0ZD,i (A 5.4-48)

where -o® MU is only included if requested on the HARMONIC parameter option.

The printout of the nodal values consists of the real and imaginary parts of the complex values,
but you can request that the amplitude and phase angle be printed. You do this with the PRINT
CHOICE model definition data option.
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Spectrum Response

The spectrum response capability allows the user to obtain maximum response of a structure
subjected to known spectral base excitation response. This is of particular importance in
earthquake analysis and random vibration studies. You can use the spectrum response option at
any point in a nonlinear analysis and, therefore, ascertain the influence of material nonlinearity
or initial stress.

The spectrum response capability technique operates on the eigenmodes previously extracted
to obtain the maximum nodal displacements, velocities, accelerations, and reaction forces. You
can choose a subset of the total modes extracted by either specifying the lowest n modes or by
selecting a range of frequencies.

Enter the displacement response spectrum Sp(w) for a particular digitized value of damping

through user subroutine USSD. The program performs the spectrum analysis based on the latest
set of modes extracted. The program lumps the mass matrix to produce M. It then obtains the
projection of the inertia forces onto the mode ¢

P, =Moo, (A 5.4-49)

The spectral displacement response for the jth mode is

o = Sp () * P, (A 5.4-50)

MARC then calculates the root-mean-square values as

1/2
u = [Zj(ajfbj)z] DISPLACEMENT (A5.4-51)
2 1/2
v = [Z(00;0)"] VELOCITY (A 5.4-52)
2,172 ACCELERATION
a = [ (0y0;6,)"] (A 5.4-53)
1/2

FORCE

. 2
f= | % (00’ Mo, ] (A 5.4-54)
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AS5.5 HEAT TRANSFER

MARC contains a solid body heat transfer capability for one-, two-, and three-dimensional,
steady-state and transient analyses. This capability allows you to obtain temperature
distributions in a structure for both linear or nonlinear heat transfer problems. The
nonlinearities in the problem may include temperature-dependent properties, latent heat (phase
change) effect, heat convection in the flow direction, and nonlinear boundary conditions
(convection and radiation). The temperature distributions can, in turn, be used to generate
thermal loads in a stress analysis.

MARC can be applied to solve the full range of two- and three-dimensional transient and
steady-state heat conduction and heat convection problems. The MARC program provides heat
transfer elements that are compatible with stress elements. Consequently, the same mesh can
be used for both the heat transfer and stress analyses. Transient heat transfer is an
initial-boundary value problem, so proper initial and boundary conditions must be prescribed
to the problem in order to obtain a realistic solution. The MARC program accepts nonuniform
nodal temperature distribution as the initial condition, and can handle temperature/time-
dependent boundary conditions. Both the thermal conductivity and the specific heat in the
problem can be dependent on temperature; however, the mass density remains constant at all
times. The thermal conductivity can also be anisotropic. Latent heat effects (solid-to-solid,
solid-to-liquid phase changes) can be included in the analysis. A time-stepping procedure is
available for transient heat transfer analysis. Temperature histories can be stored on a tape (post
tape) and used directly as thermal loads in subsequent stress analysis. User subroutines are
available for complex boundary conditions such as nonlinear heat flux, convection, and
radiation.

In addition, a number of thermal contact gap and fluid channel elements are available in the
MARC program. These elements can be used for heat transfer problems involving thermal
contact gap and fluid channel conditions.

The thermal contact elements provide perfect conduction or radiation/convection between
surfaces of the thermal contact gap, depending on the surface temperatures. The perfect
conduction capability in the elements allows for the enforcement of equal temperatures at nodal
pairs and the radiation/convection capability allows for nonlinear heat conduction between
surfaces, depending on film coefficient and emissivity. The perfect conduction is simulated by
applying a tying constraint on temperatures of the corresponding nodal points and an automatic
tying procedure has been developed for these elements. The radiation/convection capabilities
in the elements are modeled by one-dimensional heat transfer in the thickness direction of the
elements with variable thermal conductivity.

For the purpose of cooling, channels allowing coolant to flow through often appear in the solid.
The fluid channel elements are designed for the simulation of one-dimensional fluid/solid
convection conditions based on the following assumptions:

1. Heat conduction in the flow direction can be neglected compared to heat convection;

2. The heat flux associated with transient effects in the fluid (changes in fluid temperature
at a fixed point in space) can be neglected.
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For high velocity air flow, these assumptions are reasonable and the following approach is
used:

Each cooling channel is modeled using channel elements. On the sides of the channel
elements, convection is applied automatically. The film coefficient is equal to the film
coefficient between fluid and solid, whereas the sink temperature represents the
temperature of the fluid. A two-step staggered solution procedure is used to solve for the
weakly coupled fluid and solid temperatures.

A summary of the MARC program capabilities for transient and steady-state analysis is given
below.

« Selection of the following elements that are compatible with stress analysis:

1-D: three dimensional link (2-node, 3-node)

2-D: planar and axisymmetric element (3-, 4-, and 8-node)
3-D: brick elements (8- and 20-node)

reduced integration elements

shell elements

« Specification of temperature-dependent materials (including latent heat effects) is
performed with the model definition options ISOTROPIC, ORTHOTROPIC, TEMPERATURE
EFFECTS, and ORTH TEMP.

« Selection of initial conditions is done using the INITIAL TEMPERATURE option.

« Selection of the temperature and time-dependent boundary conditions (prescribed
temperature history, volumetric flux, surface flux, film coefficients, radiation, change of
prescribed temperature boundary conditions during analyses) is done using the FIXED
TEMP, TEMP CHANGE, DIST FLUXES, POINT FLUX, and FILM options.

« Selection of time steps using history definition option TRANSIENT.

« Application of a tying constraints on nodal temperatures using model definition option
TYING.

o Generation of a thermal load (temperature) tape using the POST option, which can be
directly interfaced with the stress analysis using model definition option CHANGE STATE.

« Use of user subroutines ANKOND for anisotropic thermal conductivity, FILM for convective
and radiative boundary conditions or FLUX for heat flux boundary conditions.

« Selection of nodal velocity vectors for heat convection is done using VELOCITY and
VELOCITY CHANGE options.

« Use of user subroutines UVELOC for heat convection.

Steady State Analysis

For steady state problems, use the STEADY STATE load incrementation option. If the problem
is nonlinear, use the tolerance for property recycling on the CONTROL model definition set to
obtain an accurate solution.

You must distinguish between two cases of nonlinearity in steady-state solutions: mild
nonlinearities and severe nonlinearities. In the case of mild nonlinearities, variations are small
in properties, film coefficients, etc., with respect to temperatures. The steady-state solution can
be obtained by iteration. After a small number of iterations, the solution should converge.
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The technique described above is not suitable for severe nonlinearities. Examples of severe
nonlinearities are radiation boundary conditions and internal phase-change boundaries. In these
cases, you must track the transient with a sufficiently small time step (At) to retain stability until
the steady-state solution is reached. Clearly, the choice of At is dependent on the severity of the
nonlinearity. The number of steps necessary to obtain the steady-state solution can often be
reduced by judicious choice of initial conditions. The closer the initial temperatures are to the
steady-state, the fewer the number of increments necessary to reach steady-state.

Transient Analysis

An automatic time stepping scheme can be used to adjust the time step for each increment. Use
the TRANSIENT history definition option. The automatic time stepping scheme is based on a
maximum allowable temperature change per step which is given on the CONTROL option. The
scheme is as follows: after the program obtains a solution for a step, it calculates the maximum
temperature change in the step. It checks this value against the specified control value. If the
actual maximum change exceeds the specified value, the program repeats the step with a
smaller time step -- it continues repeating this step until the maximum temperature change is
smaller than the specified value or until the maximum number of recycles given on the control
option is reached (in which case the program stops). If the actual maximum temperature change
is between 80 percent and 100 percent of the specified value, the program goes on to the next
step, using the same time step. If the actual maximum is between 65 percent and 80 percent of
the specified value, the program tries the next step with a time step of 1.25 times the current
step. If the actual maximum is below 65 percent of the specified value, the program tries the
next step with a time step that is 1.5 times the current step. The purpose of the scheme is to
increase the time step as the analysis proceeds.

You can switch off the automatic time stepping scheme, and force the program to step through
the transient with a fixed time step you specify.

Convergence Control

Use model definition option CONTROL along with the automatic time stepping scheme to input
convergence controls in transient heat transfer analysis. These options are:

* Maximum number of time steps in this run.

* Maximum nodal temperature change allowed. This is used only if the automatic time
stepping scheme is used.

* Maximum nodal temperature change allowed before properties are re-evaluated and
matrices reassembled.

* Maximum error in temperature estimate used for property evaluation. This control
provides a recycling capability to improve accuracy in highly nonlinear heat transfer
problems (for instance, for latent heat or radiation boundary conditions).

Temperature Effects

Both the thermal conductivity and specific heat in a heat transfer analysis can depend on
temperatures; however, the mass density remains constant. Specify reference temperature
values of thermal conductivity, specific heat and mass density with the ISOTROPIC option.
Enter temperature variations of both the thermal conductivity and specific heat using the
TEMPERATURE EFFECTS option. This option also allows input of latent heat information. The
temperature- dependent data can be entered using either the slope-break point representation or
the property vs. temperature representation. During analysis, an extrapolated/interpolated
averaging procedure is used for the evaluation of temperature-dependent properties.
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Latent heat can be induced because of a phase chance that can be characterized as solid-to-
solid, solid-to-fluid, fluid-to-solid, or a combination of the above, depending on the nature of
the process.

Phase change is a complex material behavior; a detailed modeling of this change of material
characteristic is generally very difficult. The use of numerical models to simulate these
important phenomena is possible; several major factors associated with phase change of certain
materials have been studied numerically.

The basic assumption of the latent heat option in the MARC program is that the latent heat is
uniformly released in a temperature range between solidus and liquidus temperatures of the
materials (see Figure A 5.5-1). MARC uses a modified specific heat to model the latent heat
effect. If the experimental data are sufficient and available, a direct input of the temperature-
dependent specific heat data (see Figure A 5.5-2) may be used. Results of both approaches are
comparable if the temperature increments are relatively small.

{1 Latent Heat Uniformly Released
{t Between STand LT

"
i
S —|
8 ] ST - Solidus Temperature
& : : LT - Liquidus Temperature
ST : : LT
Temperature

Figure A5.5-1 Modeling Phase Changes with the Latent Heat Option

Specific Heat

Temperature

Figure A5.5-2 Modeling Phase Changes with the Specific Heat Option
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Initial Conditions

In a transient heat transfer analysis, the MARC program accepts nonuniform nodal temperature
distribution as the initial condition. Enter the initial condition through the model definition
option INITIAL TEMP or through user subroutine USINC. Initial conditions are not required in
steady-state heat transfer analysis, even though they may improve convergence when
temperature-dependent properties are included.

Boundary Conditions

There are two types of boundary conditions in transient/steady-state heat transfer analysis:
prescribed nodal temperatures and nodal/element heat fluxes. These boundary conditions are
entered directly through input cards or through user subroutines.

Prescribe nodal temperatures at boundary nodes using the model definition option FIXED
TEMPERATURE. Prescribe time-dependent nodal temperatures through user subroutine
FORCDT. You may change prescribed nodal temperatures with the TEMP CHANGE option.

The model definition option POINT FLUX allows you to enter constant concentrated (nodal) heat
fluxes such as heat source and heat sink. Use the user subroutine FORCDT for time and/or
temperature-dependent nodal fluxes.

Use the model definition option DIST FLUXES and the user subroutine FLUX for constant and
time/temperature-dependent distributed (surface or volumetric) heat fluxes.

NOTE

In heat transfer analysis, you must always specify total values; for
example, total temperature boundary conditions or total fluxes.

Use the model definition option FILMS to input the constant film coefficient and the ambient
temperature associated with the convective boundary conditions. Use the user subroutine FILM
for time/temperature-dependent convective boundary conditions. The expression of the
convective boundary condition is

q=H(T,-T,) (A 5.5-55)

where q, H, T, and T, are heat flux, film coefficient, unknown surface temperature, and
ambient temperature, respectively.

The radiative boundary condition can be expressed as

q=oe(Ti-TY) (A5.5-56)
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where q is the heat flux, o is the Stefan-Boltzmann coefficient, € is emissivity, and T and T,

are unknown surface and ambient temperatures, respectively. The radiative boundary condition
can be rewritten as

q = oe (T2 + T2 T+ T, T2 +T2) (T~ T.)

(A 5.5-57)
= H(o,&T,T,) (T,~-T.)

This shows that the radiative boundary condition is equivalent to a nonlinear convective
boundary condition, in which the equivalent film coefficient H (o, €, Ts, To,) depends on the

unknown surface temperature Tg. This case requires the user subroutine FILM.

One important element in radiation is the view factor calculations which are generally tedious
and non-trivial. In the MARC program, view factors will be automatically calculated for the
user, in each cavity of an axisymmetric body involving radiative heat transfer. This capability
is not yet available to two- dimensional plane and three-dimensional bodies. The parameter
option RADIATION is used to activate this view factor calculation capability; the model
definition option RADIATING CAVITY allows the user to input outlines of each cavity in terms of
nodal numbers.

The user must subdivide the radiative boundary in his heat transfer problem into one or more
cavities. For each cavity, the user defines the outline of the cavity in terms of an ordered
sequence of nodes. Usually, the nodes coincide with the nodes of the finite element mesh. The
user may add extra nodes, provided he also gives the appropriate boundary conditions.

The nodes must be given in counter-clockwise order with respect to an axis orthogonal to the
plane of the figure and pointing to the viewer (see Figure A 5.5-1). If the cavity is not closed,
the program adds the last side, by connecting the last node with the first one. This side is treated
as a black body as far as radiation is concerned; its temperature is taken as the average between
the temperatures of the adjacent nodes.

The program internally computes the view factor between every side of the cavity and all other
sides. The matrix with the view factors can be stored onto a file, and read in again during a
subsequent analysis, thus avoiding a new computation. During a transient heat transfer
analysis, for every time step, the program estimates the temperature reached at the end of the
step. From the estimated temperature, the properties of the materials (temperature dependent)
are computed. In addition, the radiating heat fluxes are computed.

The temperatures at the end of the step are computed by solving the finite element equations.

At every node, the difference between estimated and computed temperature is derived. If the
tolerance allowed by the model definition option CONTROL is exceeded, iterations within the
time step will take place. Otherwise, the computation of the step is concluded.

The cavity is defined by its boundary, a list of nodes ordered counter-clockwise.

Insulated boundary condition (for example, symmetry boundaries) requires that the sum of the
heat fluxes at a node be zero. This requirement is satisfied automatically. Therefore, no input is
required for this type of boundary condition.
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Figure A5.5-3 Radiating Cavity (Axisymmetric)

Output

The program prints out both the nodal temperatures and the temperatures at the element
centroid when the CENTROID option is used, or at the integration points if the ALL POINTS
option is invoked. You can also indicate on the HEAT parameter option for the program to print
out the temperature gradients VT and the resulting nodal fluxes.

To create a file of element and nodal point temperatures, use the POST model definition option.
This file may be used as temperature input for performing a thermal stress analysis. This file
would be processed using the CHANGE STATE option in the subsequent thermal stress analysis.
This POST tape may also interface with the Mentat program to plot temperature as a function
of time.

Technical Background

Let the temperature T(x) within an element be interpolated from the nodal values T of the
element through the interpolation functions N(x),

T(x) =NX)T (A 5.5-58)
The governing equation of the heat transfer problem is

C(HT+K(T)T = Q (A 5.5-59)
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In Equation A 5.5-59, C(T) and K(T) are the temperature-dependent heat capacity and thermal

conductivity matrices, respectively, T is the nodal temperature vector, T is the time derivative
of the temperature vector, and Q is the heat flux vector.

The selection of the backward difference scheme for the discretization of the time variable in
Equation A 5.5-59 yields the following expression:

1 1
[BC (T) +K(T)}Tn = Qu+5:C(MT,_, (A 5.5-60)

Equation A 5.5-60 computes nodal temperatures for each time increment At.
For the evaluation of temperature-dependent matrices, the temperatures at two previous steps
provide a linear (extrapolated) temperature description over the desired interval

T (1) =T (t = At) +§T(t—m) _T (t-2A0) (A5.5-61)

This temperature is then used to obtain an average property of the material, f, over the interval
to be used in Equation A 5.5-60, such that

1
f= fioaf(T()d (A5.5-62)

During iteration, the average property is obtained based on the results of the previous iteration.

Heat Transfer with Convection

The MARC program has the capability to perform heat transfer with convection if the velocity
field is known. The numerical solutions of the convection-diffusion equation have been
developed in recent years. The streamline-upwind Petro-Galerkin (SUPG) method has been
implemented into the MARC heat transfer capability.

The elements which are available are described in Table A 5.5-1.

Table A 5.5-1 Heat Transfer Convection Elements

Element Type Description

36, 65 2-, 3-node link
37, 39, 41, 50, 69, 85, 86 3-, 4-, 8-node planar

38, 40, 42, 70, 87, 88, 122 4-, 4-, 8-node axisymmetric

43,44,71,123, 133 8-, 20-node hexahedron
135 4-node tetrahedral

133 10-node tetrahedron
131, 132 6-node triangular
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To activate the convection contribution, use the HEAT parameter and set the fifth field to 2. Due
to the nonsymmetric nature of the convection term, the nonsymmetric solver is used
automatically. Specify the nodal velocity vectors using the VELOCITY option. To change
velocity, use VELOCITY CHANGE. If nonuniform velocity vectors are required, user subroutine
UVELOC is used. This capability may be used in conjunction with the with RIGID
Perfectly-Plastic Flow in Section A 5.6 to perform a coupled analysis, in which the velocity
fields are obtained.

Technical Background

The general convection-diffusion equation is:

T
T e VeVT = VexVT40 (A5.5-63)

The perturbation weighting functions are introduced as:

h h
W = N+0L0 (TVIV.VN) +B. (WAtV.VN) (A5.5'64)

N is the standard interpolation function in Equation A 5.5-58. Alfa term (o), so-called
upwinding parameter is the weighting used to eliminate artificial diffusion of the solution;
while the beta term (B) is to avoid numerical dispersion. |v| is the magnitude of local velocity
vectors. T is the temperature, k is the diffusion tensor. Q is the source term and At is the time
increment.

The optimal choice for o and B are:

o = coth(Peclet/2) - (Peclet2)
B =C/3 - (2/Peclet) * (0/C)

where Peclet is the local Peclet number in the local element and C is the local Courant number:

Peclet = density * specific heat * characteristic length * magnitude of the fluid
velocity/conductivity

Peclet=p *c * h = |v|/k
and
C=|v| = (At)/h where (At) is the time increment.

The characteristic length h is defined in Reference 24 where C < 1 is required for numerical
stability. When C > 1, the B is set to be zero and a large time step is recommended to avoid

numerical dispersion.

NOTE

The interpolation function N is not the time-space functions defined in
Reference 3, so that most MARC heat transfer elements can be used.
The convection contribution of heat transfer shell elements is limited due
to the definitions of the perturbation weighting function and the
interpolation function.
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Radiating Cavities

As previously mentioned, in a heat transfer analysis of axisymmetric body involving radiative
boundary conditions, the program automatically calculates view factors for radiation. A
description of the view factor calculation follows.

The amount of radiation exchanged between two surfaces will depend upon what fraction of
the radiation from each surface impinges the other surfaces. Referring to Figure A 5.5-3, the
radiation propagating from surface i to surface j will be:

cos¢icos¢jAj
q; = JiA __;.2__ = LAF; (A 5.5-65)

The term Fj; is solely geometrical in nature. For convenience, it is called the view factor Fy;.
From the definition of F;; we see that

AF; = AF; (A 5.5-66)

We are now ready to derive the heat transfer radiation equation. Steady-state (equilibrium)
energy conservation requires:

q = A (J;- G, (A5.5-67)

Two independent expressions for G; can be formed.

1. The incoming radiation on a surface must equal the radiation emitted by all other
surfaces which strikes this surface,

AG; = ZijAiji = EijAiFij
or (A 5.5-68)
Gi = X2.J.F.

AR
2. The other expression for G;j is

Gi=—5— = 1-¢ (A5.5-69)

where

E, is the emissive power
€ is the emissivity
p is the reflectance.

Substituting Equation A 5.5-69 into Equation A 5.5-67 and rearranging it gives

1-¢,
J. =E

1
Rl vl (A5.5-70)
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This expression for J; can be inserted into Equation A 5.5-68. After regrouping terms, one gets
the governing equation for gray body diffuse radiation problems

[Aiﬁji— (1-¢) AF;

A, }{‘h} = [A8-AF ij] {Eq} (A5.5-71)

For the problem of black bodies, i.e., € = 1, we have,
{9} = [A8-AF;] {E,} (A5.5-72)

This equation states the obvious; net radiation heat flow from a black surface is the difference
between radiation given off and received,; i.e., there is no reflection.

Figure A5.5-4 View Factor Definition

The heat flux radiating from A; to A is computed as

3 (A5.5-73)

A.cos()j
)

q;; = J; (Acos9,) (—J—-

where J; is the power radiating from A, the first term within parentheses is the projection of A;
normal to the connecting line, and the second term is the solid angle under which Aj is seen
from the center of A; defining the viewfactor:

cos(-)icos()i
F.= " A
ij ) j (A5.5-74)

q;; = JiAiFij
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Radiation-Gap

For the thermal contact gap element, in the gap open condition, two surface temperatures T,
and Ty, at the centroid of the surfaces of a thermal contact element are obtained by interpolation

from the nodal temperatures. These two surface temperatures are used for the computation of
an equivalent conductivity for the radiation/convection link. The expression of the equivalent
thermal conductivity k is:

k, = coceLe (T, +Ty) (Te,+T,) +HeL (A5.5-75)

where ¢ is the emissivity, o is the Stefan-Boltzmann constant, L is the length of the element
(distance between a and b), Ty ,, T}y, are absolute temperatures at a and b converted from T, and

T},; and H is the constant film coefficient.

The equivalent thermal conductivity k; for the thermal contact element is assumed to be in the

gap direction. The thermal conductivities in other two local directions are all set to zero. A
coordinate transformation from the local to the global coordinate system allows the generation
of the thermal conductivity matrix of the thermal contact element in the global system for
assembly.

Similarly, in the gap closed condition, tying constraints are automatically generated by the
program for thermal contact elements. The constraint equation for each pair of nodes can be
expressed as:

T+ Ty if (Tgyp>Tejoee) (A 5.5-76)
where
1
Toap = 3 (T, +T))
Ty, Ty = nodal temperatures at nodes I and J
Toose = gap closure temperature.
Channel

For the fluid channel element, the one-dimensional, steady-state, convective heat transfer in the
fluid channel can be expressed as:

oT;
S (A5.5-77)
Ti (0) = Tigjer
where m is mass flow rate, c is specific heat, Ty is fluid temperature, Ty is solid temperature, s
is streamline coordinate, I" is circumference of channel, h is film coefficient, and Tj,e is inlet
temperature.
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Similarly, the conductive heat transfer in the solid region is governed by the following
equation:

CT,+KT, = Q (A5.5-78)

subjected to given initial condition and fixed temperature and/or flux boundary conditions. At
the interface between the fluid and solid, the heat flux estimated from convective heat transfer is

q = h(T,-Ty) (A 5.5-79)

In Equation A 5.5-78, C is the heat capacity matrix, K is the conductivity matrix and Q is the
heat flux vector. Equation A5.5-78 and Equation A 5.5-79 are coupled equations. The
coupling is due to the unknown solid temperature T appearing in Equation A 5.5-77 and

unknown fluid temperature T¢ in Equation A 5.5-79 for the solution of Equation A 5.5-78.

The solutions for Equation A 5.5-77 and Equation A 5.5-78 are obtained from the introduction
of a backward difference for the discretization of time variable in Equation A 5.5-78 and of
streamline distance in Equation A 5.5-77. Let

T, = [T -T. "'/ (AD) (A 5.5-80)
we obtain
1 i I P
(C+KT, = Q'+ .CT, (A5.5-81)

where At = time-step in transient analysis. Similarly, let

dT,

o = [Tr=Ti '1/(as) (A5.5-82)
we obtain
T, = [AseB+Ti '/ (1+Aseq) (A5.5-83)

where o is the streamline increment,

o =Teh/(mc); and B =TeheT '/ (nic) (A5.5-84)
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A56 RIGID-PLASTIC FLOW

The rigid-plastic flow analysis is an approach to large deformation analysis which can be used
for metal forming problems. Two formulations are available: an Eulerian (steady state) and
Lagrangian (transient) approach. The effects of elasticity are not included. If these effects are
important, this option should not be used.

In the steady state approach, the velocity field (and stress field) is obtained as the solution of a
steady-state flow analysis. The time period is considered as 1.0 and, hence, the velocity is equal
to the deformation. In the transient formulation, the incremental displacement is calculated.

The R-P FLOW parameter invokes the rigid-plastic procedure. This procedure needs to enforce
the incompressibility condition, which is inherent to the strictly plastic type of material
response being considered.

Incompressibility may be imposed in three ways:

1. by means of Lagrange multipliers. Such procedure requires Herrmann elements which
have a pressure variable as the Lagrange multiplier.

2. by means of penalty functions. This procedure uses regular solid elements, and adds
penalty terms to any volumetric strain rate that develops. It is highly recommended that
the constant dilatation formulation be used — by entering a nonzero value in the second
field of the GEOMETRY section.

a. A constant penalty is used when the bulk modulus is defined through the
ISOTROPIC option. :

b. A variable penalty is used based upon the current value of the flow stress if the bulk
modulus is not entered.

3. in plane stress analysis (shell and membrane elements), the incompressibility
constraint is satisfied exactly by updating the thickness. This capability is not available
for steady state analysis.

In R-P flow analysis, several iterations are required at any given increment, the greatest number
occurring in the first increment. Subsequent increments require fewer iterations, since the
initial iteration can make use of the solution from the previous increment.

Due to the simplicity of the rigid-plastic formulation, it is possible to bypass stress recovery for
all iterations but the last in each increment, provided that displacement control is used. In such
cases, considerable savings in execution time are achieved. If nodal based friction is used in a
contact analysis, then a stress recovery is always performed after each iteration.

Steady State Analysis

The steady state R-P flow formulation is based on an Eulerian reference system. For problems
in which a steady-state solution is not appropriate, an alternative method is available to update
the coordinates. User subroutine UPNOD is used to update the nodal coordinates at the end of
a step according to the relation

= x4l A (A5.6-1)

1 1
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where n refers to the step number, u"is the nodal velocity components, and At is an arbitrary
time step. At is selected in such a way as to allow only a reasonable change in mesh shape while
ensuring stability with each step.

Updating the mesh requires judicious selection of a time step. This requires some knowledge
of the magnitude of the nodal velocities that will be encountered. The time step should be
selected such that the strain increment is never more than one percent for any given increment.

The quantities under the title of STRAIN in the printouts actually refer to the strain rate at an
element integration point. The reaction forces output by the program give the limit loads on the
structure.

Transient Analysis

In the transient procedure, there will be an automatic updating of the mesh at the end of each
increment. During the analysis, the updated mesh may exhibit severe distortion and the solution
may be unable to converge. Mesh rezoning may be used to overcome this difficulty.

Technical Background

The rigid-plastic flow capability is based on iteration for the velocity field in an incompressible,
non-Newtonian fluid. The normal flow condition for a nonzero strain rate can be expressed as

, 20, .
o’y = (§g)£ij = Wu(g) & (A 5.6-2)

where €

€= J2/3¢,8, (A5.6-3)

is the equivalent strain rate, G is the yield stress (which may be rate-dependent) and

i = Oy~ §E‘Sijcskk (A5.6-4)

gives the deviatoric stress.

The effective viscosity is evaluated as:

<= (A5.6-5)

Note that as € — 0, L — 0. A cut-off value of strain rate is used in the program to avoid this

difficulty. An initial value for € is necessary to start the iterations. These values may be

specified either in the CONTROL or the CONTACT option. The default cut-off value is 10°'2, and
the default initial strain rate value is 10,
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The value of the flow stress is dependent upon both the equivalent strain, the equivalent strain
rate, and the temperature. This dependence may be given through the WORK HARD, STRAIN
RATE, and TEMPERATURE EFFECTS options, respectively. For steady state analysis, user
subroutine UNEWTN may be used to define a viscosity. In this manner, a non-Newtonian flow
analysis may be performed. For the steady state procedure, user subroutine URPFLO may be
used to define the flow stress.
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A5.7 HYDRODYNAMIC BEARING

The MARC program has a hydrodynamic bearing analysis capability, which enables you to
solve lubrication problems. This capability makes it possible to model a broad range of
practical bearing geometries and to calculate various bearing characteristics such as load
carrying capability, stiffness, and damping properties. It can also be used to analyze
elasto-hydrodynamic problems.

The lubricant flow in hydrodynamic bearings is governed by the Reynolds equation. The
bearing analysis capability has been implemented into the MARC program to determine the
pressure distribution and mass flow in bearing systems.

MARC is capable of solving steady-state lubrication problems; the incremental procedure
analyzes a sequence of different lubricant film profiles. The MARC program also can be used
to solve coupled elasto-hydrodynamic problems. This analysis requires a step-by-step solution
for both the lubrication and the stress problems using separate runs. Because the finite element
meshes for each problem are different, the program does not contain an automated coupling
feature.

Only one-dimensional or two-dimensional lubricant flow needs to be modeled, since no
pressure gradient exists across the film height. This modeling is done with the available heat
transfer elements. The library elements listed in Table A 5.7-1 may be used for this purpose:

Table A 5.7-1 Hydrodynamic Bearing Elements

Element Description
36 2-node, three dimensional link
37 3-node, planar triangle
39 4-node, bilinear quadrilateral
41 8-node, planar biquadratic quadrilateral
65 3-node, three-dimensional link
69 8-node, biquadratic quadrilateral with reduced integration
121 4-node bilinear quadrilateral with reduced integration
131 6-node triangle

The MARC program computes and prints the following elemental quantities: lubricant
thickness, pressure, pressure gradient components, and mass flux components. Each of these is
printed at the element integration point.

The nodal point data consists of pressures, equivalent nodal mass flux at fixed boundary points,
or residuals at points where no boundary conditions are applied. In addition, the program
automatically integrates the calculated pressure distribution over the entire region to obtain
consistent equivalent nodal forces. This integration is only performed in regions where the
pressure exceeds the cavitation pressure.
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The output includes the load carrying capacity (the total force on the bearing). This capacity is
calculated by a vectorial summation of the nodal reaction forces. In addition, the bearing
moment components with respect to the origin of the finite element mesh can be calculated and
printed.

To activate the bearing analysis option, use the BEARING parameter. If the analysis requires
modeling of flow restrictors, also include the RESTRICTOR parameter.

The values of the viscosity, mass density, and cavitation pressure must be defined in the
ISOTROPIC block. Specify temperature-dependent viscosity values via TEMPERATURE
EFFECTS. If thermal effects are included, the STATE VARS parameter is also required. In
hydrodynamic bearing analyses, temperature is the second state variable. Pressure is the first
state variable.

The fluid thickness field may be strongly position-dependent. A flexible specification of the
film profile is allowed by using either the nodal thickness or elemental thickness option. Define
nodal thickness values in the THICKNESS block. You may also redefine the specified values via
the user subroutine UTHICK. Elemental values of lubricant thicknesses can be defined in the
GEOMETRY block.

The program also enables the treatment of grooves. Constant groove depth magnitudes can be
specified in the GEOMETRY block. If the groove depth is position-dependent, the contribution
to the thickness field can be defined in user subroutine UGROOV.

The relative velocity of the moving surfaces is defined on a nodal basis in the VELOCITY block.
In addition, you may redefine the specified nodal velocity components in user subroutine
UVELOC.

Specify prescribed nodal pressure values in the FIXED PRESSURE block. Define restrictor type
boundary conditions in the RESTRICTOR block. To specify nonuniform restrictor coefficients,
use user subroutine URESTR.

Input nodal point mass fluxes using the POINT FLUX block. Specify distributed mass fluxes in
the DIST FLUX block. If nonuniform fluxes are necessary, apply this via user subroutine FLUX.

Define variations of the previously specified lubrication film thickness field through the
THICKNS CHANGE option. The program adds this variation to the current thickness values and
solves the lubrication problem.

Activate the calculation of bearing characteristics (i.e., damping and stiffness properties)
through the DAMPING COMPONENTS or STIFFNS COMPONENTS options. The program
evaluates these properties based on the specified change in film thickness. This evaluation
requires the formation of a new right-hand-side, together with a matrix back substitution. This
is performed within so-called subincrements. The bearing force components calculated within
these subincrements represent the bearing characteristics (i.e., the change in load carrying
capacity for the specified thickness change or thickness rate). The previously specified total
thickness change or thickness rate). The previously specified total thickness is not updated
within subincrements. The calculated bearing characteristics are passed through to user
subroutine UTHICK. This allows the user to define an incremental thickness change as function
of the previously calculated damping and/or stiffness properties. This procedure may be
applied when analyzing the dynamic behavior of a bearing structure. mechanical problems can
often be represented by simple mass-damper-spring systems if the bearing structure is
nondeformable. A thickness increment may be derived based on the current damping and
stiffness properties by investigating the mechanical equilibrium at each point in time.
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The bearing analysis capability deals with only steady-state solution and does not include the
analysis of transient lubrication phenomena. Note that the incrementation procedure is only
meant to analyze a sequence of film profiles. No nonlinearities are involved; each increment is
solved in a single step without iteration.

To calculate the reaction forces that act on the bearing structure, the program requires
information about the spatial orientation of the lubricant. This information is not contained in
the finite element model because of the planar representation of the lubricant. Therefore, it is
necessary to define the direction cosines of the unit normal vector that is perpendicular to the
lubricant on a nodal basis in subroutine UBEAR. The resulting nodal reaction forces are printed.

The MARC program requires a step-by-step solution of both the lubrication problem and the
stress problem in separate runs. The thickness changes need to be defined within the lubrication
analysis based upon the displacements calculated in the stress analysis. The stress analysis
POST file and user subroutine UTHICK may be used for this purpose. The tractions to be applied
in the stress analysis may be read from the bearing analysis POST file in subroutines FORCDT.

Technical Background

The flow of a lubricant between two surfaces that move relative to each other is governed by
the Reynolds equation

3
Ve (%Vp)_i%’tﬁ_%v. (phu) +M = 0 (A5.7-1)

where:

p is lubricant pressure

p is mass density

h is film thickness

n is viscosity

t is time

u is the relative velocity vector between moving surfaces
M is the mass flux per unit area added to the lubricant

The following assumptions are involved in the derivation of this equation:

* The lubricant is a Newtonian fluid, i.e., the viscosity is constant.
* There is no pressure gradient across the film height.

* There is laminar flow.

* Inertial effects are negligible.

* The lubricant is incompressible, i.e., mass density is constant.

* Thermal effects are absent.

By introducing the film constant

3
_ ph )
A= 0 (AS5.7-2)
Equation A 5.7-2 may be written as
Ve (AVp) +M =0 (A5.7-3)
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where M' is the reduced mass flux given by

d(ph) 1

M =M- o5t —iVo (phu) (A5.7-4)

In case of a stationary bearing, the transient term in Equation A 5.7-4 will vanish.

Three different kinds of boundary conditions may be distinguished for the lubrication problem:
prescribed pressure on boundary, prescribed mass flux normal to the boundary, and mass flux
proportional to pressure.

Prescribed pressure on boundary is specified as

P=p (A5.7-5)

where p is the value of the prescribed pressure.
Prescribed mass flux normal to the boundary has the form

9 _ = 1
on 0 2

phu, = m, (A5.7-6)
where ﬁ; is the reduced inward mass flux. Here, n refers to the inward normal on the
boundary, and m,, and u,, are the inward components of total mass flux and relative velocity,
respectively.

If a restrictor is used (as in hydrostatic bearings), the total mass flux is a linear function of the
pressure on the boundary. This condition is specified as

Jdp 1 _
m, = —ka—r—l +§phun =c(p-p) (AS5.7-7)

or, written in a slightly different form

B _ o
A5, =< -p) (A5.7-8)

where c is the restriction coefficient and

- phu_
P = P 2¢c

(AS5.7-9)

is the reduced pressure.

The set of differential Equation A5.7-1, together with the boundary conditions
(Equation A 5.7-6, Equation A5.7-7, and Equation A5.7-9) completely describe the
lubrication problem. This is analogous to a heat conduction problem as shown in Table A 5.7-2.
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Table A 5.7-2 Comparison of Lubrication and Heat Conduction

A5 - 100

Lubrication Heat Conduction

Pressure p Temperature T
Film constant A Conductivity

Reduced body mass flux M’ Body heat flux Q
Reduced boundary mass flux mp, Boundary heat flux dn
Restriction coefficient c Film coefficient

Reduced reference pressure p’ Reference temperature T,
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A5.8 COUPLED ANALYSES

The MARC program can solve five types of coupled problems: fluid/solid interaction, coupled
thermo-electrical (Joule heating), coupled thermo-mechanical, fluid-soil (pore pressure), and
electromagnetic.

The fluid/solid model allows for the effect of a fluid on the dynamic behavior of a structure.
The fluid is assumed to be inviscid and incompressible. The effect of the fluid is to augment the
mass matrix of a structure. Modal shapes can be obtained for a fluid/solid system; the modal
superposmon procedure predicts the dynamic behavior of the coupled ﬂuld/sohd system. This
prediction is based on extracted modal shapes.

In the coupled thermo-electrical problem, the coupling takes place through the temperature-
dependent electrical conductivity in the electrical problem and the internal heat generation
caused by electrical flow in the thermal problem. The program solves for the voltage and
temperature distribution.

Similarly, the coupling between the thermal and mechanical problems takes place through the
temperature-dependent material properties in the mechanical (stress) problem and the internal
heat generation in the mechanical problem caused by plastic work, which serves as input for
the heat transfer problem. The temperature distribution and displacements are obtained.

In each of the coupled problems described above, two analyses are performed in each load/time
increment. Iterations may also be carried out within each increment to improve the
convergence of the coupled thermo-electrical and thermo-mechanical solutions.

In the coupled fluid-soil model, the fluid is assumed to be inviscid and incompressible. The
effect of the fluid is to augment the stress in the soil material to satisfy equilibrium, and to
influence the soil’s material behavior.

In the electromagnetic analysis, the fully coupled Maxwell’s equations are solved.

In the latter two analyses, the equations (fluid flow/structural or electrical/magnetic) are solved
simultaneously.

Fluid/Solid Interaction

The fluid/solid interaction procedure investigates structures that are either immersed in, or
contain a fluid. Examples of problems that make use of this feature are vibration of dams, ship
hulls, and tanks containing liquids.

The MARC program is capable of predicting the dynamic behavior of a structural system that
is subject to the pressure loading of fluid. The fluid is assumed to be inviscid and
incompressible, for example, water. Use the FLU LOAD parameter to activate this option.

In MARGC, the fluid is modeled with heat transfer elements (potential theory) and the structure
is modeled with normal stress or displacement elements. The element choice must ensure that
the interface between the structural and fluid models has compatible interpolation; i.e., both
solid and fluid elements are either first order or second order. The tying option may be used to
achieve compatibility if necessary. To identify the interfaces between the fluid and the
structure, the FLUID SOLID model definition set is necessary.
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During increment zero, the program calculates the stiffness matrix for the structure and the
mass matrix for the structure augmented by the fluid effect. The program then extracts the
eigenvalues of the coupled system using the MODAL SHAPE option. The modal superposition
procedure can then be used to predict the time response of the coupled system. DYNAMIC
CHANGE may be used to perform modal superposition (see Section 5.2).

To input properties of solids and the mass density of the fluid elements, use the model definition
option ISOTROPIC.

The calculation of the structural mass augmentation requires triangularization of the fluid
potential matrix: this matrix is singular, unless the fluid pressure is fixed at least at one point
with the FIXED DISPLACEMENT option.

Technical Background

In a fluid/solid interaction problem, the equations of motion can be expressed as

Ma+Ku = bl—STp (A5.8-1)
f

The pressure vector p can be calculated from

~Sa = Hp (A5.8-2)

The matrices in Equations 5.8-1 and 5.8-2 are defined as

M, = [N} N} pdv (A5.8-3)
B o
K= _[v[-)’ij D ByydV (A5.8-4)
\% o
s = [ R'pmnN/dS (A5.8-5)
aR® R’
=lvax @ (A58-6)
where

ps and pg are mass densities of the fluid and solid, respectively

a is the acceleration vector
u is the displacement vector
Bij  is the strain displacement relation

Djjx1  is the material constitutive relation

N; is the displacement interpolation function

R is the pressure interpolation function

n; is the outward normal to the surface with fluid pressure p

ST s the surface on which the fluid pressure acts
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In the present case, the fluid is assumed to be incompressible and inviscid. Only infinitesimal
displacements are considered during the fluid vibration, so that the Eulerian and material
coordinates coincide.

Substituting Equation A 5.8-2 into Equation A 5.8-1, we obtain

(M;+S"H'S/p)a+Ku = 0
or (A5.5-7)
Ma+Ku = 0

This equation now allows the modes and frequencies of the solid structure immersed in the
fluid to be obtained by conventional eigenvalue methods.

Coupled Thermal-Electrical Analysis (Joule Heating)

The coupled thermal-electrical analysis procedure can be used to analyze electric heating
problems. The coupling between the electrical problem and the thermal problem in a Joule
heating analysis is due to the fact that the resistance in the electric problem is dependent on
temperatures, and the internal heat generation in the thermal problem is a function of the
electrical flow.

The MARC program can analyze coupled thermo-electrical (Joule heating) problems. Use
parameter JOULE to initiate the coupled thermo-electrical analysis. This capability includes the
analysis of the electrical problem, the associated thermal problem, and the coupling between
these two problems.

The electrical problem is a steady-state analysis and may involve current and/or voltage
boundary conditions as well as temperature-dependent resistivity.

The thermal analysis is generally a transient analysis with temperature-dependent thermal
properties and time/temperature-dependent boundary conditions.

Use model definition options ISOTROPIC, ORTHOTROPIC, TEMPERATURE EFFECTS and
ORTHO TEMP to input reference values of thermal conductivity, specific heat, mass density, and
electrical resistivity, as well as their variations with temperatures. The mass density must
remain constant throughout the analysis.

Use model definition option VOLTAGE for nodal voltage boundary conditions, and model
definition options POINT CURRENT and/or DIST CURRENT for current boundary conditions. No
initial condition is required for the electrical problem, since a steady-state solution is obtained.

In the thermal problem, you can use the model definition options INITIAL TEMP, FILMS, POINT
FLUX, DIST FLUXES, and FIXED TEMPERATURE to prescribe the initial conditions and boundary
conditions. Use the user subroutines FILM and FLUX for complex convective and flux boundary
conditions. To enter the unit conversion factor between the electrical and thermal problems, use
the model definition option JOULE. The program uses this conversion factor to compute heat
flux generated from the current flow in the structure.

Use history definition options STEADY STATE, TRANSIENT, POINT CURRENT, DIST CURRENT,
VOLTAGE CHANGE, POINT FLUXES, DIST FLUXES, and TEMPERATURE CHANGE for the
incrementation and change of boundary conditions.
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A weak coupling between the electrical and thermal problems is assumed in the coupled
thermo-electrical analysis, such that the distributions of the voltages and the temperatures of
the structure can be solved separately within a time increment. A steady-state solution of the
electrical problem (in terms of nodal voltages) is calculated first within each time step.

The heat generation due to electrical flow is included in the thermal analysis as an additional
heat input.

The temperature distribution of the structure (obtained from the thermal analysis) is used to
evaluate the temperature-dependent resistivity, which in turn is used for the electrical analysis
in the next time increment.

Technical Background

In the coupled thermo-electrical analysis, the matrix equation of the electrical problem can be
expressed as

p(T)V =1 (A5.8-8)
and the governing equation of the thermal problem is
C(MT+K(T)T = Q+Q° (A5.8-9)

In Equation A 5.8-8 and Equation A 5.8-9:

p(T) is the temperature-dependent electrical conductivity matrix
I is the nodal current vector
v is the nodal voltage vector

C(T) and K(T) are the temperature-dependent heat capacity and thermal conductivity
matrices, respective

T is the nodal temperature vector

T is the time derivative of the temperature vector

Q is the heat flux vector

QE is the internal heat generation vector caused by the current flow.

The coupling between the electrical and thermal problems is through terms p(T) and QE in
Equation A 5.8-8 and Equation A 5.8-9.

The selection of the backward difference scheme for the discretization of the time variable in
Equation 5.8-9 yields the following expression:

1 _ E 1
A [C(D]+K(DT, = Qn+Qn+KtC(T)Tn—1 (A 5.8-10)

Equation A 5.8-10 is used for the computation of nodal temperatures in each time increment At.
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The internal heat generation vector QE is computed from

Q® = [,B'q"dv (A58-11)

¢ = iR (A5.8-12)

where i and R are the current and electrical resistance, respectively.

The controls for the heat transfer option allow input of parameters that govern the convergence
solution and accuracy of heat transfer analysis.

Thermal Mechanically Coupled Analysis

Many operations performed in the metal forming industry (such as casting, extrusion, sheet
rolling, and stamping) may require a coupled thermo-mechanical analysis. The observed
physical phenomena must be modeled by a coupled analysis if the following conditions pertain:

+ The body undergoes large deformations such that there is a change in the boundary
conditions associated with the heat transfer problem.

 Deformation converts mechanical work into heat through an irreversible process which is
large relative to other heat sources.

In either case, a change in the temperature distribution contributes to the deformation of the
body through thermal strains and influences the material properties.

MARC has a capability that allows you to perform mechanically coupled analysis. This
capability is available for all stress elements and for small displacement, total Lagrangian,
updated Lagrangian or rigid plastic analysis.

Use the COUPLE parameter to invoke this option. When defining the mesh, if you specify the
element as a stress type through the CONNECTIVITY option, the program generates an
associated heat transfer element, if possible. The region having an associated heat transfer
element has coupled behavior. If you specify the element as a heat transfer type through the
CONNECTIVITY option, that region is considered rigid. Only heat transfer is performed in that
region.

The program uses a staggered solution procedure in coupled thermo-mechanical analysis. It
first performs a heat transfer analysis, then a stress analysis. Use the CONTROL option to enter
the control tolerances used in the analysis.

Load control and time step control are intimately coupled in these analyses. These controls may
be specified in either of two ways.

* A fixed time step/load size may be specified by using either the DYNAMIC CHANGE option
or the TRANSIENT NON AUTO option. In these cases, mechanical loads and deformations
are incremental quantities that are applied to each step. Fluxes are total quantities.

« An adaptive time step/load size may be specified by using the AUTO TIME option. In this
case, mechanical loads and deformations are entered as the total quantities that are applied
over the load set. Fluxes are total quantities.
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Exercise caution when applying boundary conditions. Use the FIXED DISP or FIXED TEMP
options as well as DISP CHANGE or TEMP CHANGE for mechanical or thermal boundary
conditions, respectively.

There are two primary causes of coupling. First, coupling occurs when deformations result in
a change in the associated heat transfer problem. Such a change may be due to either large
deformation or contact. Large deformation effects are coupled into the heat transfer problem
only if the UPDATE option is invoked. The gap element in MARC (Type 12) has been modified
so that if no contact occurs, the gap element acts as a perfect insulator. When contact does
occur, the gap element acts as a perfect conductor.

The second cause of coupling is heat generated due to inelastic deformation. The irreversibility
of plastic flow causes an increase in the amount of entropy in the body. This can be expressed as

TS = W (A5.8-13)

where fW" is the fraction of the rate of plastic work dissipated into heat. Farren and Taylor
measure f as approximately 0.9 for most metals. Using the mechanical equivalent of heat (M),
the rate of specific volumetric flux is

R = MfW'/p (A5.8-14)

Use the CONVERT model definition option to define Mf.

Of course, all mechanical and thermal material properties may be temperature dependent. The
governing matrix equations may be expressed as

Mii+D(T)i+K(T)u = f (A5.8-15)
C(MT+K(T)T = Q+Q! (A 5.8-16)

In Equation A 5.8-15, Q! represents the amount of heat generated due to plastic work. The
specific heat matrix C and conductivity matrix K may be evaluated in the current configuration
if the updated Lagrange option is used.

NOTE

All terms except M may be temperature dependent.
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A59 ELECTROSTATIC ANALYSIS

The MARC program has the capability to perform electrostatic analysis. This allows the
program to evaluate the electric fields in a body or media, where electrical charges are present.
This can be solved for one-, two-, or three-dimensional fields. The semi-infinite elements may
be used to represent an infinite domain. The electrostatic problem is governed by the Poisson
equation for a scalar potential. This analysis is purely linear and has been implemented in
MARC analogously to the steady state heat transfer problem. The available elements are
described in Table A 5.9-3 below.

Table A 5.9-3 Element Types for Electrostatic Analysis

Element Type Description
37,39, 131, 41 3-, 4-, 6-, 8-node planar
69 8-node reduced integration planar
121 4-node reduced integration planar
101, 103 6-, 9-node semi-infinite planar
38, 40, 132, 42 3-, 4-, 6-, 8-node axisymmetric
70 8-node reduced integration axisymmetric
122 4-node reduced integration axisymmetric
43, 44 8-, 20-node 3-dimensional brick
71 20-node reduced integration brick
105, 106 12-, 27-node semi-infinite brick
123 8-node reduced integration brick
133 10-node tetrahedron
85, 86 4-, 8-node shell
87, 88 2-, 3-node axisymmetric shell

The MARC program computes and prints the following quantities: electric potential field
vector (E) and electric displacement vector (D) at the element integration points. The nodal
point data consists of the potential ¢ and the charge Q.

To activate the electrostatic option, use the ELECTRO parameter. The value of the isotropic
permittivity constant is given in the ISOTROPIC option, orthotropic constants may be specified
using the ORTHOTROPIC option. Optionally, user subroutine UEPS may be used.

Specify nodal constraints using the FIXED POTENTIAL option. Input nodal charges using the
POINT CHARGE block. Specify distributed charges by using the DIST CHARGE block. If
nonuniform charges are required, user subroutine FLUX can be used for distributed charges and
user subroutine FORCDT for point charges.

Rev. K.6 A5 - 107



Volume A: User Information

The electrostatic capability deals with linear, steady-state problems only. The STEADY STATE
option is used to begin the analysis. The resultant quantities may be stored on the post-tape for
processing with Mentat.

Technical Background

The Maxwell equations to govern electrostatics are written in terms of the electric displacement
vector D and the electric field vector E such that

VeD =p (A5.9-1)

and

VXE =0 (A5.9-2)

where p is a given volume charge density.
The constitutive law is typically given in a form as:

D = ¢E (A5.9-3)

where € is the dielectric constant.
Introducing the scalar potential ¢ such that
E =-V¢ (A5.9-4)

which satisfied the constraint Equation A 5.9-2 exactly.

Denoting the virtual scalar potential by v, the variational formulation is
[oVweeveoav = jgwpdV+jrq;(eV¢—n) ds (A5.9-5)
The natural boundary condition is applied through the surface integral in terms of the normal

electric displacement using

—-eVéen =Den =D (A 5.9-6)

n

Consider a material interface I'}, separating two materials 1 and 2, and as ¢ is continuous over
the material interface, the tangential electric field constraint is automatically satisfied.

nx (E,-E,;) =0 on I' ) (A5.9-7)

If charges are present on the interface, these are applied as distributed loads as follows:

ne (D, -D,) = p on I\, (A 5.9-8)
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Using the usual finite element interpolation functions N and their derivatives B, we obtain

v =N 0 = N

K = J’ BT e Bav (A 5.9-9)
_ T T T )
F = jQ N deV+jF N NDndS+jl_n N'Np dS (A5.9-10)
and finally
K¢ = F (A5.9-11)
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A5.10 MAGNETOSTATIC ANALYSIS

The MARC program has the capability to perform magnetostatic analysis. This allows the
program to calculate the magnetic field in a media subjected to steady electrical currents. This
can be solved for two- or three-dimensional fields. Semi-infinite elements may be used to
represent an infinite domain.

The magnetostatic analysis for two-dimensional analysis is solved using a scalar potential,
while for three-dimensional problems, a full vector potential is used. The magnetic
permeability may be a function of the magnetic field, hence, creating a nonlinear problem. Only
steady-state analyses are performed. The available elements which are described in
Table A 5.10-1.

Table A 5.10-1 Elements Types for Magnetostatic Analysis

Element Type Description
37,39, 131, 41 3-, 4-, 6-, 8-node planar
69 8-node reduced integration planar
121 4-node reduced integration planar
101, 103 6-, 9-node semi-infinite planar
102, 104 6-, 9-node semi-infinite axisymmetric
38, 40, 132, 42 3-, 4-, 6-, 8-node axisymmetric
70 8-node reduced integration axisymmetric
122 4-node axisymmetric reduced integration
109 8-node brick
110 12-node semi-infinite brick

The MARC program computes and prints magnetic induction (B), the magnetic field vector
(H), and the vector potential at the element integration points. The nodal point data consist of
the potential (A) and the current (J).

To activate the magnetostatic option, use the MAGNETO parameter. The value of the isotropic
permeability (u) is given on the ISOTROPIC option; orthotropic constants may be specified
using the ORTHOTROPIC option. Optionally, user subroutine UEPS may be used. Often, it is
easier to specify (1/p), which is also available through these options. A nonlinear permeability
may be defined using the B-H relation.

Specify nodal constraints using the FIXED POTENTIAL option. Input nodal currents using the
POINT CURRENT block. Specify distributed currents by using the DIST CURRENT block.
Permanent magnets may be introduced by using the PERMANENT option for isotropic
materials, or by entering a remanence vector via the B-H RELATION option for orthotropic
materials. In addition, user subroutine FLUX can be used for nonuniform distributed current and
user subroutine FORCDT for fixed nodal potentials or point current.
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The magnetostatic capability is linear unless a nonlinear B-H relation is defined. In such
problems, convergence is reached when the residual current satisfies the tolerance defined in
the CONTROL option. The STEADY STATE option is used to begin the analysis. The resultant
quantities may be stored on the post tape for processing with Mentat.

Technical Background

The Maxwell equations for magnetostatics are written in terms of the magnetic flux density
vector B such that

VxH =] (A5.10-1)

and

VeB =0 (AS5.10-2)

where J is the current density vectors.

For magnetic materials, the following relation between B, H, and M, the magnetization vector,
holds:

B =p,(H+M) (A 5.10-3)
with p, being the permeability of vacuum. Denoting the magnetic susceptibility by X, and the
permanent magnet vector by M,, we have

M=X_ H+M, (A5.10-4)

which cay be substituted into Equation A 5.10-3 to yield
B=uH+B, (A 5.10-5)

in which p is the permeability, given by
o=y, 1+ X, (A 5.10-6)

and B, is the remanence, given by

B, = U M, (A5.10-7)

Notice that (1 + X,,) is usually called the relative permeability p,.

For isotropic linear material, X, and m, are scalar constants. If the material is orthotropic, X,
and m change into tensors. For real ferromagnetic material, X,, and p will never be constant.

Instead, they will depend on the strength of the magnetic field. Usually this type of material
nonlinearity is characterized by a so-called magnetization curve or B-H relation specifying the
magnitude of (a component of) B as a function of (a component of) H.

Rev. K.6 AS - 111



Volume A: User Information

In MARC, the magnetization curve can be entered via the B-H RELATION option. For isotropic
material, only one set of data points, representing the magnitude of the magnetic induction, |B|,
as a function of |HJ, the magnitude H, needs to be given. For orthotropic material, multiple

curves are needed with each curve relating a component of B to the corresponding component
of H.

From Equation A 5.10-5 and Equation A 5.10-7, it can be easily seen that for orthotropic
material, a permanent magnetization or remanence can be entered through the B-H RELATION
option, by putting in a nonzero B value for H = Q. For isotropic material, this does not work
since the direction of the remanence vector would still be indeterminate. Therefore, in the
isotropic case, the only possibility is to supply the magnetization vector through the
PERMANENT option. Any offset of the |B| (|H|)-curve, implying |B| #0 at (|JH = 0) willbe
disregarded in this case. For orthotropic material, it is not allowed to use the PERMANENT
option. In this case, the magnetization can exclusively be specified through the B-H RELATION
option.

It is emphasized that the magnetization curve specified under B-H RELATION must be monotone
and uniquely defined.

Introducing the vector potential A such that
VxA =B (A 5.10-8)
which automatically satisfies the constraint, Equation (5.10-2), and we then have the final form

Vxpu (VxA) =T+p !B, (A5.10-9)

The vector potential (A) is not uniquely defined by Equation A 5.10-8. In 2D magnetostatic
simulations, this indeterminacy is removed by the reduction of A to a scalar quantity. In 3D
situations, MARC uses the Coulomb gauge for this purpose:

VeA =0 (A5.10-10)
Denote the virtual potential by W; then, the variational formulation is

jp"(VxW) o (VXA)dV = jw- (J)dV+jw- (qu‘lBr)dV+jWo (H+n)dS (A5.10-11)
v v v r

where n is the outward normal to V at the boundary S.

In the three-dimensional case, the Coulomb gauge, Equation A 5.10-10, is enforced with a
penalty formulation. The resulting term added to the variational formulation, Equation A 5.10-11
reads:

...+er-WVoAdV (A5.10-12)
A\

The default value used for r is:

r = 10%p| (A 5.10-13)
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Using the usual finite element interpolation functions N, the discrete curl operator G, and the
weighting function W = N.

G = ON/dy for 2-dimensional problems
1ON/0dx
_ (A5.10-14)
dN/dy — dN/dz for 3-dimensional problems
G = |ON/dz - JN/dx
(ON/0x — N/dy
Leads to the resulting system of algebraic equations
KA =F (A5.10-15)
where
K= G'u'G av (A 5.10-16)
\Y
F = [N'N()dV+[G"™M BV + [[N'N(Hxn)dS (A5.10-17)
\'

The Coulomb gauge is based upon the principle of conservation of electric charge which in its
steady state form reads:

Vel =0 (A 5.10-18)

In MARGC, it is up to the user to specify the current distribution. When doing so, it is
recommended to ensure that this distribution satisfies Equation A 5.10-17. Otherwise,
condition Equation A 5.10-10 could be violated. As a consequence, the results could become
less reliable.

From the third term on the right-hand side of Equation A 5.10-17, it becomes clear that the
natural boundary condition in this magnetostatic formulation is H x n, the tangential
component of the magnetic field intensity. Consequently, if no other condition is specified by
the user, by default a zero tangential magnetic field intensity at the boundaries will be assumed.

Besides, when there are no currents present on a I';, material interface separating two materials
1 and 2, the tangential magnetic field intensity is assumed to be continuous:

nx (H,-H,) =0onT,, (A5.10-19)

With H, and H,, the magnetic field intensities in material 1 and 2, respectively. A discontinuous

tangential magnetic field intensity can be modelled by assigning an appropriate distributed
“shear” current density to the interface. This (surface) current density j is related to H, and H,

by:
nx (H-Hy) =jonTl,, (A 5.10-20)
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AS5.11 ACOUSTIC ANALYSIS

The MARC program has the capability to perform acoustic analysis in a cavity with rigid
boundaries. This allows the program to calculate the fundamental frequencies of the cavity, as
well as the pressure distribution in the cavity. This can be solved for two- or three-dimensional
fields.

The acoustic problem with rigid reflecting boundaries is a purely linear problem analogous to
dynamic analysis, but using the heat transfer elements. The elements which are available are
described in Table A 5.11-1.

Table A 5.11-1 Element Types for Acoustic Analysis

Element Type Description
37, 39, 131, 41 3-, 4-, 6-, 8-node planar
69 8-node reduced integration planar
121 4-node reduced integration planar
101, 103 6-, 9-node semi-infinite planar
38, 40, 132, 42 3-, 4-, 6-, 8-node axisymmetric
70 8-node reduced integration axisymmetric
122 4-node reduced integration axisymmetric
133 10-node tetrahedron

The MARC program computes and prints the following quantities: pressure, and pressure
gradient at the integration points. The nodal point data consists of the pressure and the source.

To activate the acoustic option, use the ACOUSTIC parameter. The number of modes to be
extracted should also be included on this card. The bulk modulus and the density of the fluid
are given in the ISOTROPIC option.

Specify nodal constraints using the FIXED PRESSURE option. Input nodal sources using the
POINT SOURCE block. Specify distributed sources using the DIST SOURCE block. If
nonuniform sources are required, apply these via user subroutine FLUX.

To obtain the fundamental frequencies, use the MODAL SHAPE option after the END OPTION.
The nodes can be used in a transient analysis by invoking the DYNAMIC CHANGE option. The
point and distributed sources could be a function of time.
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Technical Background

The wave equation of an inviscid fluid can be expressed in terms of the pressure p as

1 2
19P _ 2, (A5.11-1)
¢ 9%t

where c is the sonic velocity
c = JK/p (AS5.11-2)

where K is the bulk modulus and p is the density.

Equation (5.11-1) can be rewritten as

2
kvip-p2P — o (A5.11-3)
9%t

Where the source terms are neglected, note that this is analogous to the dynamic equation of
motion.

The modelling of rigid reflecting boundaries can be done as follows:

mathematically a reflecting boundary is described by

Jp _

3 = (A5.11-4)

Jp . : .
where P is the pressure gradient normal to the reflecting surface.

on

This is analogous to an insulated boundary in heat transfer. Hence, a reflecting boundary can
be modelled by a set of nodes at the outer surface of the area which are not connected to another
part of the medium. A reflecting plate in the middle of an acoustic medium can be modelled by
double nodes at the same location

NOTE

Where there are no boundary conditions applied, there is a zero-valued
eigenvalue, corresponding to a constant pressure mode. Hence, you will
need to have a non-zero initial shift point.
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A5.12 ELECTROMAGNETIC ANALYSIS

The MARC program has the capability to perform both transient (dynamic) and harmonic fully
coupled electromagnetic analysis. This allows the program to calculate the electrical and
magnetic fields subjected to external excitation. This can be solved for both two- or three-
dimensional fields. A vector potential for the magnetic field is augmented with a scalar
potential for the electrical field. If a transient analysis is performed, the magnetic permeability
may be a function of the magnetic field, hence a nonlinear problem. The elements available for
electromagnetic analysis are described in Table A 5.12-1.

Table A 5.12-1 Element Types for Electromagnetic Analysis

Element Type Description
111 4-node planar
112 4-node axisymmetric
113 8-node brick

The MARC program prints the magnetic flux density (B), the magnetic field vector (H), electric
flux density (D), and the electrical field intensity at the integration points. In a harmonic
analysis, these have real and imaginary components. The nodal point data consists of the vector
potential A, the scalar potential V, the charge Q, and current L

To activate the electromagnetic option, use the EL-MA parameter. The values of the isotropic
permittivity (g), permeability (1), and conductivity (o) are given in the ISOTROPIC option.
Orthotropic constants may be specified using the ORTHOTROPIC option. User subroutines
UEPS, UMU and USIGMA may be optionally used. A nonlinear permeability may be defined
using the B-H relation.

Specify nodal constraints using the FIXED POTENTIAL option. Input nodal currents and charge
using the POINT CURRENT block. Specify distributed currents by using the DIST CURRENT
block and distributed charges by using the DIST CHARGE option. Nonuniform distributed
currents and charges may also be specified by user subroutine FORCEM.

The electromagnetic capability is linear, unless a nonlinear B-H relation is defined. In such
problems, convergence is reached when the residual satisfies the tolerance defined in the
CONTROL option. The transient capability is only available with a fixed time step; use the
DYNAMIC CHANGE option to activate this option. The resultant quantities may be stored on the
post tape for processing with Mentat.

In electromagnetic analysis, you can enter the current and/or the charge. In a harmonic analysis,
you can enter both the real and imaginary components.
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Table A 5.12-2 Input Options for Electromagnetic Analysis

L Input Options
Load Description
Model Definition History Definition User Subroutine
Nodal Current POINT CURRENT POINT CURRENT FORCDT
Nodal Charge
Distributed Current DIST CURRENT DIST CURRENT FORCEM
Distributed Charge DIST CHARGE DIST CHARGE FORCEM

Technical Background

Technical Formulation

Electromagnetic analysis is based upon the well-known Maxwell’s equations. This has been
implemented in MARC for both transient and harmonic analyses.

Transient Formulation

The Maxwell’s equations are:

VE+B =0 (A5.12-1)
VxH-¢E-G6E =0 (A5.12-2)
V- (¢E+06E) =0 (A5.12-3)
V.-B=0 (A5.12-4)
where the constitutive relations are
D=¢E
B = p,(H+M)
J=cE
and

E is the electric field intensity
D is the electric flux density

H is the magnetic field intensity
B is the magnetic flux density

J is the current density

M is the magnetization

and
¢ is the permittivity
u is the permeability
o is the conductivity
U, is the permeability of free space.
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Additionally, we have the conservation of charge:

p+V-T=0 (A5.12-5)

where p is the charge density
We assume that the magnetization vector is given by

M = xH+M, (A5.12-6)
where M, is the strength of the permanent magnet and y is the susceptibility. Note that x and p
are not independent, but satisfy the relation p = py (I+y) .

A vector magnetic potential A and a scalar potential V are introduced, such that

B =VxA (A5.12-7)

E =-(VV+A) (A5.12-8)

Note that since only the curl of A is required, an arbitrary specification of the divergence may
be made. The Coulomb gage is then introduced.

V.-A=0 (A5.12-9)

This is implemented using a penalty condition. It is important to note that E depends not only
on the scalar potential, but also upon the vector potential. Hence, interpretation of V as the
usual voltage may lead to erroneous results.

Substituting into Maxwell’s equations results in:

Vx [ (VXA-puM)]+e(VV+A)+0(VV+A) =0 (A 5.12-10)
-Ve[e(VV+A)]+0(VV+A) =0 (A5.12-11)

It has been assumed that € = O i.e., the dielectric, is constant.

Due to the hyperbolic nature of the above system (similar to dynamics), a Newmark algorithm
will be employed in the discretization.

The general form is

A" = AT AAT 4 (0.5 - B) ACA” + BARA™ ! (A5.12-12)

n+1

. . n ..n ..n+1
A = A + (1-7)AtA +7AtA (AS5.12-13)
The particular form of the dynamic equations corresponding to the trapezoidal rule:

(AS5.12-14)

Bl —

B =

[NSTRE

’Y =
results in a symmetric formulation, which is unconditionally stable for linear systems.
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In the current formulation, a fixed time step procedure must be used. The time step is defined
through the DYNAMIC CHANGE option.

Harmonic Formulation

In harmonic analysis, it is assumed that the excitation is a sinusoidal function, and the resultant
also has a sinusoidal behavior. This results in the solution of a complex system of equations. In
this case, Maxwell’s equations become

VXE+ioB =0 (A5.12-15)
VxH-iewE-oE =0 (A 5.12-16)
VeD-p =0 (A5.12-17)
VeB =0 (A5.12-18)

where o is the excitation angular frequency.
Additionally, we have the conservation of charge

iop+Vel =0 (A5.12-19)

where all symbols are the same as in the discussion above regarding transient behavior. Again,
a vector potential A and a scalar potential V are introduced. In this case, these are complex
potentials. Substituting into the Maxwell’s equations results in

Vx (W (VXA-pM)]+5(VV+inA) =0 (A 5.12-20)
_V. [6(VV+inA)] =0 (A5.12-21)

where 6 = G +im¢

With a little manipulation, a symmetric complex formulation may be obtained. The excitation
frequency is prescribed using the HARMONIC option.

Note that there is no capability in MARC to extract the natural frequencies of a complex system
by modal analysis.

Rev. K.6 A5 - 119



Volume A: User Information

A5.13 SOIL ANALYSIS

The soil analysis capability in MARC involves two parts. The first is the solution of the fluid-
soil interaction. The second is the definition of the soil material behavior. In the current
formulation, it is assumed that the fluid is of a single phase, and only slightly compressible.
This formulation will not be adequate if steam-fluid-solid analysis is required. The dry soil can
be modelled using one of the three models: linear elasticity, nonlinear elasticity and the
modified Cam-Clay model.

There are three types of soil analysis available in MARC. In the first type, one is performing
an analysis to calculate the fluid pressure in a porous medium. In such analyses, heat transfer
elements 41, 42, or 44 are used. The soil model definition is used to define the permeability of
the solid and the bulk modulus and dynamic viscosity of the fluid. The porosity is given either
through the INITIAL POROSITY or the INITIAL VOID options and does not change with time. The
prescribed pressures may be defined using the FIXED PRESSURE option, while input mass flow
rates are given using either the POINT FLUX or DIST FLUXES option.

In the second type of soil analysis, the pore (fluid) pressure is directly defined, and the structural
analysis is performed. Element types 27, 28, or 21 are available. In such analyses, the pore
pressure is prescribed using the INITIAL PORE and CHANGE PORE options. The characteristics
of the soil material are defined using the SOIL option. If an elastic model is used, the Young’s
moduli and Poison’s ratio are important. If the Cam-Clay model is used, the compression ratios
and the slope of the critical state line is important. For the Cam-Clay model, the
preconsolidation pressure is defined using the INITIAL PC option. For this model, it is also
important to define an initial (compressive stress) to ensure a stable model.

In the third type of soil analysis, a fully-coupled approach is used. Element types 32, 33, or 35
are available. These elements are “Herrmann” elements, which are conventionally used for
incompressible analysis. In this case, the extra variable represents the fluid pressure. The SOIL
option is now used to define both the soil and fluid properties. The porosity is given through
the INITIAL POROSITY or the INITIAL VOID option. The prescribed nodal loads and mass flow
rates are given through the POINT LOAD option, while distributed loads and distributed mass
flow rates are given through the DIST LOADS option. The FIXED DISP option is used to prescribe
either nodal displacements or pore pressures.

Technical Formulation

In soil mechanics, it is convenient to decompose the total stress ¢, Into a pore pressure
component p and effective stress ¢”.

6 =o' —pl (A5.13-1)

Note the sign convention used; a positive pore pressure results in a compressive stress. The
momentum balance (equilibrium) equations are with respect to the total stresses in the system.

Veos+f = pii (A5.13-2)
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where p is the density, and f, ii are the body force and the acceleration. The equilibrium
equation can then be expressed as

Vo'-Vp+f = pii (A5.13-3)

The fluid flow behavior can be modeled using Darcy’s law, which states that the fluid’s velocity,
relative to the soil’s skeleton, is proportional to the total pressure gradient.

. -K
Ur = -7 (Vp+pe) (A5.13-4)

where

Uy is the fluid relative velocity

K is the soil permeability
p  is the fluid viscosity
pr is the fluid density

g is the gravity vector.

The fluid is assumed to be slightly compressible.
p= K‘p—f (A5.13-5)
fp;
where Ky is the bulk modulus of the fluid.
However, the compressibility is assumed small enough such that the following holds:

Ve o (Vo+p@ |=pY s[5 (Vo+p®) | (A5.13-6)

It is also assumed that the bulk modulus of the fluid is constant, introducing the fluid’s
compressibility By.

By = 1/K; (A5.13-7)

The solid grains are assumed to be incompressible. Under these assumptions, the governing
equations for fluid flow is

Ve [% (Vp+pfg)] = oBp+Veu (A5.13-8)

where o is the medium’s porosity.

It is important to note that the medium’s porosity is only dependent upon the original porosity
and the total strains. Letting Vand V stand for the fluid and solid’s volume

¢ = dVy/ (dV;+dVs) =1 ¢! -0, (A5.13-9)
where J is the determinant of the deformation gradient and ¢y, is the original porosity.
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Introducing the weighting function u and p, the weak form, which is the basis for the finite
element system, then becomes

Jilaef-pueii-Vieo +VeupldV+[aetds =0 (A5.13-10)

where V and S are the conventional volumes and surface area and t is the applied tractions.
Note that the applied tractions is the combined tractions from both the effective stress o and
the pore pressure p.

and

JV[Vﬁo % (Vp+p,8) +¢ﬁf§p+§V-quV~jS§qnds =0 (A5.13-11)
where

qy = E(Vpﬂ)fg) °n (A5.13-12)

is the normal volumetric inflow.

Three types of analyses may be performed. The simplest is a solution for only the fluid pressure
based upon the porosity of the soil. In this case, a simple Poisson type analysis is performed
and element types 41, 42, or 44 are used. In the second type of analysis, the pore pressures are
explicitly defined and the structural analysis is performed. In this case, the element types 21,
27, and 28 should be used. Finally, a fully-coupled analysis is performed, in which case one
should use element types 32, 33, or 35. Of course, the soil can be combined with any other
element types, material properties to represent the structure, such as the pilings.

Soil Model

To be able to complete the soil mechanics formulation, it is also necessary to include the
constitutive relation of the soil. Soil material modeling is considerably more difficult than
conventional metals, because of its nonhomogeneous characteristics. Most soil models attempt
to represent the fact that the material consists of a large amount of random particles. These
models attempt to simulate behavior that is observed in the experimental laboratory. Among
them is that: the bulk modulus increases as the particles are pressed together; when the
preconsolidation stress is exceeded, the stiffness is dramatically reduced; and, when unloaded,
the stiffness increases. At failure, there is no resistance to shear, and stiff clays or dense sands
are dilatant. Over the years, many formulations have been used, including: linear elastic,
nonlinear elastic, Drucker-Prager or Mohr Coulomb, and Cam-Clay and variations thereof. In
MARC, we have implemented linear elasticity, nonlinear elasticity and the Cam-Clay model.

Elastic Models

Linear elasticity is defined in the conventional manner, defining the Young’s moduli and the
Poisson ratio in the SOIL option. The nonlinear elasticity model is implemented through user
subroutine HYPELA. Some of the simplest models include the bilinear elasticity, where a
different moduli is used during the loading and unloading path, or to represent total failure
when a critical stress is obtained.
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A more sophisticated elastic law is the hyperbolic model, where six constants are used. In this
model the tangent moduli are

[ _Re-sin0) (0,09
| 2ccos¢+20,sind

(o)
Mpa}MPa(p—Z) (A5.13-13)

Two of the elastic models are the E-v and K-G variable elastic models. In the E-v model,
Poisson’s ratio is considered constant and

E = Eg+ 0 p+Bgt (A5.13-14)

while, in the K-G model
K = K0+ocKp (A 5.13-15)

G = Gy+agp+Pst (A5.13-16)
The key difficulty with the elastic models is that dilatancy cannot be represented.

Cam-Clay Model

The Cam-Clay model was originally developed by Roscoe, and then evolved into the modified
Cam-Clay model of Roscoe and Burland. This model, which is also called the critical state
model, is implemented in MARC.

The yield surface is an ellipse in the p,t plane as shown in Figure A 5.13-1, and is defined by

2

T
F=—7—2pp,+p =0 (A5.13-17)
Cs

where p, is the preconsolidation pressure, and M is the slope of the critical state line.

The Cam-Clay model has the following properties of some note. At the intersection of the
critical state line and the ellipse, the normal to the ellipse is vertical. Because an associated flow
rule is used, this implies that at failure all plastic strain is distortional; the soil deforms at
constant volume. Also, if the preconsolidation pressure is large, the soil will remain elastic for
large stresses.

The evolution of the preconsolidation pressure is

p. = —6p,tr (e”) (A5.13-18)
where
l1+e
0 = — (A5.13-19)
where

e is the void ratio
A is the virgin compression index
K is the compression index
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Figure A 5.13-2 Strain Hardening and Softening Behavior

The void ratio and the porosity are related by the expression

(A 5.13-20)

In the modified Cam-Clay model, it is also assumed that the behavior is nonlinear elastic with
a constant Poisson’s ratio, the shear modulus behave as:

l1+e

K = ——c P (A5.13-21)

A5 - 124 Rev. K.6



Volume A: User Information

Note that this implies that at no hydrostatic stress, the bulk modulus is also zero. To avoid
computational difficulties, a cutoff pressure of one percent of the preconsolidation pressure is
used.

This constitutive law is implemented in MARC using a radial return procedure. It is available
for either small or large strain analysis.When large displacements are anticipated, one should
use the UPDATE option
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w Chapter 6 MATERIAL LIBRARY

This chapter describes the material models available in the MARC program. The models range
from simple linear elastic materials to complex time- and temperature-dependent materials.
This chapter provides basic information on the behavior of various types of engineering
materials and specifies the data required by the program for each material. For example, to
characterize the behavior of an isotropic linear elastic material at constant temperatures, you
need only specify Young's modulus and Poisson's ratio. However, much more data is required
to simulate the behavior of material that has either temperature or rate effects. References to
more detailed information are cited in this chapter.

The material models included in this chapter are listed below:

* Linear elastic

¢ Composite

» Hypoelastic

* Elastomeric

« Elastic-plastic

* Rate dependent

 Temperature dependent

* Time-Temperature transformation
* Low tension

 Non-structural

Data for these materials is entered to the MARC program either directly through the card deck
or by user subroutines. Each section of this chapter discusses various options for organizing
material data for input. Each section also discusses the constitutive (stress-strain) relation and
graphic representation of the models and includes recommendations and cautions concerning
the use of the models.
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A6.1 LINEAR ELASTIC MATERIAL

The MARC program is capable of handling problems with either isotropic linear elastic
material behavior or anisotropic linear elastic material behavior.

The linear elastic model is the model most commonly used to represent engineering materials.
This model, which has a linear relationship between stresses and strains, is represented by
Hooke’s Law. Figure A 6.1-1 shows that stress is proportional to strain in a uniaxial tension
test. The ratio of stress to strain is the familiar definition of modulus of elasticity (Young’s

modulus) of the material.

E (modulus of elasticity) = (axial stress)/(axial strain) (A6.1-1)

Stress

Strain

Figure A6.1-1  Uniaxial Stress-Strain Relation of Linear Elastic Material

Experiments show that axial elongation is always accompanied by lateral contraction of the
bar. The ratio for a linear elastic material is:

v = (lateral contraction)/(axial elongation) (A6.1-2)

This is known as Poisson’s ratio. Similarly, the shear modulus (modulus of rigidity) is defined
as:

G (shear modulus) = (shear stress)/(shear strain) (A6.1-3)

It can be shown that for an isotropic material

G=E/2(1+v) (A6.1-4)
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The shear modulus G, can be easily calculated if the modulus of elasticity E and Poisson’s ratio,
v, are known.

Most linear elastic materials are assumed to be isotropic (their elastic properties are the same
in all directions). Anisotropic material exhibits different elastic properties in different
directions. The significant directions of the material are labeled as preferred directions, and it
is easiest to express the material behavior with respect to these directions.

The stress-strain relationship for an isotropic linear elastic method is expressed as

o; = kSijekk + 2Geij (A6.1-5)

where A is the Lame constant and G (the shear modulus) is expressed as

A = VE/((1+V) (1-2v))and

(A 6.1-6)
G =E/(2(1+V))

The material behavior can be completely defined by the two material constants E and v.

Use the model definition option ISOTROPIC for the input of isotropic linear elastic material
constants E (Young’s modulus) and v (Poisson’s ratio).

The stress-strain relationship for an anisotropic linear elastic material can be expressed as

The values of Cjjy (the stress-strain relation) and the preferred directions (if necessary) must

be defined for an anisotropic material. For example, the orthotropic stress-strain relationship
for a plane stress element is

| E, vy E, 0
C = m v,E, E, 0 (A6.1-8)
0 0 (I-v,v,)G

To input anisotropic stress-strain relations, use the model definition options ORTHOTROPIC or
ANISOTROPIC and user subroutine ANELAS, or user subroutine HOOKLW. The ORTHOTROPIC
option allows as many as nine elastic constants to be defined. The ANISOTROPIC option allows
as many as 21 elastic constants to be defined. If the anisotropic material has a preferred
direction, use the model definition option ORIENTATION or the user subroutine ORIENT to input
a transformation matrix. Refer to Volume D for information on user subroutines.

A Poisson’s ratio of 0.5, which would be appropriate for an incompressible material, may be
used for the following elements: Herrmann, plane stress, shell, truss, or beam. A Poisson’s ratio
which is close (but not equal) to 0.5 may be used for constant dilation elements and reduced
integration elements in situations which do not include other severe kinematic constraints.
Using a Poisson’s ratio close to 0.5 for all other elements usually leads to behavior that is too
stiff.
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A6.2 COMPOSITE MATERIAL

Composite materials are composed of layers of different materials (or layers of the same
anisotropic material) with various layer thicknesses and different orientations. The material in
each layer may be either linear or nonlinear. Tightly bonded layers (laminated composites) are
often stacked in the thickness direction of beam, plate, or shell structures.

Figure A 6.2-1 identifies the locations of integration points through the thickness of beam and
shell elements with/without the COMPOSITE option.

Note that when the COMPOSITE option is used, as shown on the left, the layer points are
positioned midway through each layer. When the COMPOSITE option is not used, the layer
points are equidistantly spaced between the top and bottom surfaces. MARC forms a stress-
strain law by performing numerical integration through the thickness. If the COMPOSITE option
is used, the trapezoidal method is employed; otherwise, Simpson’s rule is used.

ale
'I\
* e
e
%
ale
%
ale
"‘
%k
als
¢
Beams or_SheIIs .with Beams or Shells without
Composite Option Composite Option

Figure A6.2-1 Integration Points Through the Thickness of Beam and Shell Elements

Laminated Composite

To model laminated composite plates, shells, or beams with MARC, use the COMPOSITE
option. In this option, three quantities are specified on a layer-by-layer basis: material
identification number, layer thickness, and ply angle. The entire set of data (a “composite
group”) is then associated with a list of elements. For each individual layer, various constitutive
laws may be used. The layer thickness may be constant or variable (in the case of variable total
thickness elements), and the ply angle may change from one layer to the next. The orientation

of the 0° ply angle within each element is defined in the ORIENTATION option.
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The material identification number specified in the COMPOSITE option, is cross-referenced
with the material identification number supplied in the ISOTROPIC, ORTHOTROPIC,
ANISOTROPIC, TEMPERATURE EFFECTS, ORTHO TEMP, WORK HARD, and RATE EFFECTS
options. The ISOTROPIC, ORTHOTROPIC and ANISOTROPIC model definition options allow the
user to input material constants such as Young’s modulus, Poisson’s ratio, shear modulus, etc.
The TEMPERATURE EFFECTS and ORTHO TEMP options allow for input of temperature
dependency of these material constants. Material constants for a typical layer are as follows:

t; thickness of the it layer

Young’s moduli, Exx Eyy Ezzs vy, Vyzs Vaxo

Poisson’s ratios, and shear moduli ny, Gyz, G,

p density

axx> Byy coefficients of thermal expansion

Oy yield stress

Mat material identifier associated with temperature- ’
dependent properties and work hardening data

User subroutines ANELAS, HOOKLW, ANEXP, and ANPLAS can be used for the anisotropic
behavior of elastic constants, coefficient of thermal expansion, and yield condition.

There are seven given classes of strain-stress relations. The class of a particular element
depends on the number of direct (NDI) and shear (NSHEAR) components of stress.
Table A 6.2-1 lists the seven classes of elements.

Material Preferred Direction

Every element type in MARC has a default orientation (that is, a default coordinate system)
within which element stress-strain calculations take place. This system is also assumed to be
the coordinate system of material symmetry. This is especially important for non-isotropic
materials (orthotropic, anisotropic, or composite materials). With the ORIENTATION option, the
user specifies the orientation of the material axes of symmetry (relationship between the

element coordinate system and the global coordinate system, or the 0° ply angle line, if
COMPOSITE) in one of four different ways:

1. as a specific angle offset from an element edge,

2. as aspecific angle offset from the line created by two intersecting planes,
3. as a particular coordinate system specified by user-supplied unit vectors, or
4

as specified by user subroutine ORIENT. This is accomplished by the specification of an
orientation type, an orientation angle, or one or two user defined vectors.

For the first option (EDGE I-J orientation type), the intersecting plane is defined by the surface
normal vector and a vector parallel to the vector pointing from element node I to element node

J. The intersection of this plane with the surface tangent plane defines the 0° orientation axis.
(See Figure A 6.2-2.) The orientation angle is measured in the tangent plane positive about the
surface normal.
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Table A 6.2-1 Classes of Stress-Strain Relations

Class1 | NDI = 1,NSHEAR =0
Beam Elements 5, 8, 13, 16, 23, 46, 47, 48, 52, 64, 77, 79
{e} = [1/E,, }{c}

Class 2 | NDI =2,NSHEAR =0

Axisymmetric Shells 15 and 17

{exx} _ { 1/E,, —vyx/Eyy} {Gxx}
€uy Vi Bxx 17Eyy | Oyy

vyx = vxyEyy/EXX

Class 3 | NDI = 1,NSHEAR =1

Beam Elements 14, 45, 76, 78

e. [t/E, 0. |o©
by _{ 0. 1./G,J{r}

Class 4 | NDI = 1,NSHEAR =1

Plane Stress, Plates and Thin Shells 49 and 72

L./Ey Y /Byy 0. | Oxx
o
T

XX
[8ny = |-,/Ex 1/Eyy 0.

0. 0. 1/G,

exy Xy

v =v,, (B /E,)

Class 5 | NDI = 2,NSHEAR =1

Thick Axisymmetric Shells 1 and 89

Yy 0. 0. 1/Gpg

{ 899} = _Vm(-)/Emm 1./Eqq 0. { Cgg
Tr

A6 -6
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Table A 6.2-1 Classes of Stress-Strain Relations (Continued)

Class 6 | NDI = 3,NSHEAR =1

Plain Strain, Axisymmetric with No Twist

Exx L/Eyy —V/Eyy =V, /B, 0. | (Oxx
&y[ _ | Vuy/Exx 1/By, -V, /E, 0. |{Oy
€, “Vyo/Exx Vy,/Eyy 1L/E, 0. C,,
Yyy | 0. 0. 0. 1./GXL T,
Vox = VeyEyy/Exx Vay = Vo Bu/Byy o Vi = Vo BBy

Class 7 | NDI = 2,NSHEAR = 3

Thick Shell, Element 22, 75

(o) [ 1/Ey v, /By 0 0. 0. | (%x
<€yyr ~v/Ey 1/E 0 0. 0. |]%y|
Tey| = 0. 0. L/G,, O 0 || xy
Yy 0. 0 0. 1/G,, 0 ||1,
Y, i 0. 0. 0. 0. 1./sz_ (T,
Vyy = nyEyy/E
Class 8 | NDI = 3,NSHEAR =3
Three-Dimensional Brick Elements, Axisymmetric with Twist
(S [ 1/E,, /By V, /B, 0 0. 0. | [
“w| |vy/E 1/Ey =V, /B, 0. 0. 0 ||%
®12( _ |"V,/Exx “Vy,/By, 1/E, 0. 0. 0. |1z
Yyy 0. 0. 0. 1/G, 0 0. || Ty
Yys 0. 0. 0. 0. 1/Gy, 0. ||«
v,) | O 0. 0 0 0. 1/G, |z,

For the second option (global plane orientation type), the intersecting plane is the chosen global

coordinate plane. The intersection of this plane with the surface tangent plane defines the 0°
orientation axis. (See Figure A 6.2-3.)
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n = Normal to Surface
Tangent Plane

Vector Parallel to Edge
I-J Projected onto
Surface Tangent Plane

Direction 1 of
preferred coordinate
system

Element Surface

Y Q = Orientation Angle (Positive
Right-hand Rotation About n)

o = ply angle (if COMPOSITE)

Figure A6.2-2 Edge I-J Orientation Type
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n - Normal to Surface
Tangent Plane

Global ZX Plane

Surface Tangent

Plane \
‘ N

Lo Direction 1 of
L, ‘ Preferred Coordinate
S System
Two Planes
Y4
Q = Orientation Angle (Postive
Y Right-hand Rotation About n)

o = Ply Angle (If COMPOSITE)

Figure A6.2-3 Global ZX Plane Orientation Type

The third option (user defined plane orientation type) makes use of one or two user defined
vectors to define the intersecting plane. Using a single vector, the intersecting plane is that
plane which contains the user vector and the chosen coordinate axis. Using two user vectors,
the intersecting plane is that plane which contains both of them. (See Figure A 6.2-4.)

Orientation type 3D ANISO also makes use of two user defined vectors, but in this case, the first
vector defines the first (1) principal direction and the second vector defines the second (2)
principal direction. (See Figure A 6.2-5.)

Finally, in the fourth option, the user subroutine ORIENT must be used for the definition of the
orientation of the material axis of symmetry.
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n = Normal to Surface
Tangent Plane

u = user-defined vector

Surface Tangent
Plane

Direction 1 of
Preferred Coordinate
System

Intersection of
Two Planes

Element Surface

Y W = Orientation Angle (Positive
Right-hand Rotation About n)

a = Ply Angle (if COMPOSITE)

Figure A6.2-4 User Defined XU Plane Orientation Type
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U, = User Vector 2

U3=U-|XU2

2 U, = User Vector 1
Z \

U, = Direction 1 of Preferred Coordinate
Y System

U, = Direction 2 of Preferred Coordinate
X System

Figure A6.2-5 3D ANISO Orientation Type

Material Dependent Failure Criteria

Calculations of user specified failure criteria on a layer by layer basis are available in the
MARC program. They are maximum stress (MX STRESS), maximum strain (MX STRAIN),
TSAI-WU, HOFFMAN, HILL or user-subroutine UFAIL. During each analysis, up to three
failure criteria may be selected; failure indices are calculated and printed for every integration
point. The model definition block FAIL DATA is used for the input of failure criteria data.

A simple description of these failure criteria is given below:
1. Maximum Stress Criterion

At each integration point, MARC calculates six quantities:

0,
(ZJ/F it ©,>0

%, .
(_X_C)/F if ©,<0

(A6.2-1)

%, .
(?t )/F if ©,>0
2. (A6.2-2)
G, .
(‘Y‘ )/F if ©,<0

C
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G,
(—)/F it 6,>0

Zt
3.
s (A6.2-3)
3 .
(“—Z—; )/ F if 03 <0
G2
4. ||—=| |/F (A6.2-4)
Sy
c
5. 1|22 |/F (A 6.2-5)
Syz
c
6. |2 |/F (A 6.2-6)
SZX
where
F is the failure index (normally, F =1.0).
X, X, are the maximum allowable stresses in the 1-direction in tension and
compression.
Y, Y. are maximum allowable stresses in the 2-direction in tension and
compression.
Z,,Z. are maximum allowed stresses in the 3-direction in tension and compression.
Sxy maximum allowable in-plane shear stress. 4
Syz maximum allowable yz shear stress.
Sx maximum allowable zx shear stress.
2. Maximum Strain Failure Criterion
At each integration point, MARC calculates six quantities:
&
(—— )/ F if &>0
1t
L (A6.2-7)
€
(——l)/F if <0
1c
&
(— )/ F if €,>0
2 e2[
: (A 6.2-8)
€
-— |/F if &,<0
€2c
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(&
(— )/ F if &>0
3 e3t
: J (A 6.2-9)
€3
(——)/F if €,<0
\_ €3¢
4. (| M2 \/F (A6.2-10)
Exy
5. (1723 \/F (A6.2-11)
gyz
6. (|7 )/F | (A6.2-12)
gZX
where
F is the failure index (normally, F=1.0).
€1p €1c are the maximum allowable strains in the 1 direction in tension and
compression.
€y, €y  are maximum allowable strains in the 2 direction in tension and
compression.
€3;, €3¢ are maximum allowable strains in the 3 direction in tension and
compression.
8xy is the maximum allowable shear strain in the xy plane.
8yz is the maximum allowable shear strain in yz plane.
8x is the maximum allowable shear strain in zx plane.
Hill Failure Criterion
Assumptions:

a. Orthotropic materials only
b. Incompressibility during plastic deformation
c. Tensile and compressive behaviors are identical

At each integration point, MARC calculates:

2
(ﬁ _
%)

where

v =< X1

2
6,6, O; ©
1 2 O
172 "2 )/F

2

+

+ —=
2 Y 2

(A6.2-13)
S

X 2

is the failure index

is the maximum allowable stress in the 1 direction
is the maximum allowable stress in the 2 direction
is the maximum allowable shear stress
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4. Hoffman Failure Criterion

NOTE

Hoffman criterion is essentially Hill criterion modified to allow unequal
maximum allowable stresses in tension and compression.

At each integration point, MARC calculates:

2 2 2

1 1 % 6, 605, 6,9,

=)0, toFto t+t— — }/F (A6.2-14)
Yt YC 2 XtXC Y[YC S2 XtXC

1 1
{(X—[—X—C)Gl"'(

where: X, X, Y, Y, S, F are as before.

NOTE

o
1
For small ratios of, for example, X the Hoffman criteria may become
t

negative due to the presence of the linear terms.

5. Tsai-Wu Failure Criterion

Tsai-Wu is a tensor polynomial failure criterion. At each integration point,

MARC calculates:
2 2 2
1 1 11 o, G, Op
{(X—t———c)ol+(Y—Z—?C)02+Yt—x—c+ﬁ+s—2+2cmlcz}/F (A 6.2-15)

where: F}, is the “normal stress interaction” parameter.

NOTE

In order for the Tsai-Wu failure surface to be closed,

F$2 < x1x *y 1Y

t'c tc
See Wu, R.Y. and Stachurski, 2, Evaluation of the Normal Stress
Interaction Parameter in the Tensor Polynomial Strength Theory for

Anisotropic Materials, Journal of Composite Materials, Vol. 18, Sept.
1984, pp. 456-463.
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6. User Defined Failure Criteria

Using user subroutine UFAIL, the user may evaluate his own failure criterion as a
function of stresses and strains at each integration point.

Interlaminar Shear for Thick Shell and Beam Elements

Another addition made for composite analysis is the calculation of interlaminar shears (a
parabolic distribution through the thickness direction) for thick shells, elements 22 and 75, and
for thick beam element 45. These interlaminar shears are printed in the local MARC coordinate
system above and below each layer selected for printing by PRINT CHOICE or PRINT ELEM.
These values will also be available for post-processing. The parameter SHEAR must be used for
activating the parabolic shear distribution calculations.

In MARGC, the distribution of transverse shear strains through the thickness for thick shell and
beam elements was assumed to be constant. From basic strength of materials and the
equilibrium of a beam cross-section, it is known that the actual distribution is more parabolic
in nature. As an additional option, the formulations for elements 22, 75, and 45 have been
modified to include a parabolic distribution of transverse shear strain. The formulation is exact
for beam element 45, but is approximate for the thick shell elements 22 and 75. Nevertheless,
the approximation is expected to give improved results from the previous constant shear
distribution. Furthermore, interlaminar shear stresses for composite beams and shells may now
be easily calculated.

With the assumption that the stresses in the V! and V2 direction are uncoupled, the equilibrium
condition through the thickness is given by

0t (2) . Jdo(z) _

37 Ix 0 (A 6.2-16)

where o(z) is the layer axial stress; 1(t) is the layer shear stress. From beam theory, we have

oM
VSe =0 (A6.2-17)

where M is the section bending moment and V is the shear force. Assuming that
c(z) =f(z)M (A6.2-18)

by taking the derivative of Equation A 6.2-18 with respect to x, substituting the result into
Equation A 6.2-16, using Equation A 6.2-17 and integrating, we obtain

1(z) = jzf(z)dzov (A 6.2-19)
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The function f(z) is given from beam theory as

(z-12) (A 6.2-20)

where E) (z) is the layer initial Young’s Modulus, z is the location of the neutral axis and EI is

the section bending moment of inertia. Equation A 6.2-20 and Equation A 6.2-18 express the
usual bending relation

Mz

o (z) =3

(A6.2-21)

except that these two equations are written so that the z = 0 axis is not necessarily the neutral
axis of bending. With respect to this axis, membrane and bending action is, in general, coupled.
Note that

_ IZE (z)dz
z=22 " (A 6.2-22)

JZ ZE (z) dz
and stress 1(z) = 0 at the top and bottom surface of the shell.

Progressive Composite Failure

A model has been put into MARC to allow the progressive failure of certain types of composite
materials. The aspects of this model are defined below

1. Failure occurs when any one of the failure criteria is satisfied.
2. The behavior up to the failure point is linear elastic.

3. Upon failure, the material moduli for orthotropic materials at the integration points are
changed such that all of the moduli have the lowest moduli entered.

4. Upon failure, for isotropic materials, the failed moduli are taken as 10% of the original
moduli.

5. If there is only one modulus, such as in a beam or truss problem, the failed modulus is
taken as 10% of the original one.

6. There is no healing of the material.

This option is flagged through the FAIL DATA model definition option.

A6 - 16 Rev. K.6



Volume A: User Information

A 6.3 NONLINEAR HYPOELASTIC MATERIAL

The hypoelastic model is able to represent a nonlinear elastic (reversible) material behavior.
For this constitutive theory, MARC assumes that

G = Lijnéa * g; (A6.3-1)

where L is a function of the elastic strain and g is a function of the temperature.

When used in conjunction with the large displacement option, Equation A 6.3-1 is expressed as
Sij = LijklEkl * & (A 6.3-2)

where E, S are the Green-Lagrangian strain and second Piola-Kirchhoff stress, respectively.

The HYPOELASTIC model definition option is necessary to invoke this model. This model may
be used with any stress element, including Herrmann formulation elements.

The tensors L and g are defined by the user in user subroutine HYPELA. In order to provide an
accurate solution, L should be a tangent stiffness evaluated at the beginning of the iteration. In
addition, the total stress should be defined as its exact value at the end of the increment. This
allows the residual load correction to work effectively.
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A6.4 ELASTOMER

An elastomer is a polymer which shows nonlinear elastic stress-strain behavior. The term
elastomer is often used to refer to materials which show a rubber-like behavior, even though no
rubbers exist which show a purely elastic behavior. Depending upon the type of rubber,
elastomers show a more or less strongly pronounced viscoelastic behavior. The MARC
program considers both the viscous effects and the elastic aspects of the materials behavior.
These materials are characterized by their elastic strain energy function.

Elastomeric materials are elastic in the classical sense. Upon unloading, the stress-strain curve
is retraced and there is no permanent deformation. Elastomeric materials are initially isotropic.
Figure A 6.4-1 shows a typical stress-strain curve for an elastomeric material.

O, Stress

100%

€, Strain

Figure A6.4-1 A Typical Stress-Strain Curve for an Elastomeric Material

To simulate elastomeric materials, incompressible element(s) are used for plane strain,
axisymmetric, and three-dimensional problems. These elements may be used with each other
or in combination with other elements in the library. For plane stress, beam, plate or shell

analysis, conventional elements may be used.

There are three elastomer modes in MARC. The first is the third-order deformation form,
considered by Jamus, Green, and Simpson.

W = Cpo(1,=3) +Co; (I,=3) +C;; (I, =3) (I;=3) +Cpo (1, =3) 2+ Cy (1, - 3) (A6.4-1)
where
w is the strain energy function,
Ci0- Co1> Ci11- Cyp, Cag are material constants obtained from experimental data
I, I, are the first and second invariants of the elastic strain.
Rev. K.6
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Simpler forms of the above strain energy function are

W =C,(I;-3) +Cy; (I,-3)  Mooney-Rivlin
(A 6.4-2)
W =C,,I,-3) Neo-Hookean

Use the MOONEY model definition option to activate the elastomeric material option in the
MARC program and enter the material constants C, Cy1, C11, Cog, Cap.

The TEMPERATURE EFFECTS model definition option can be used to input the temperature
dependency of the constants C; and C;. The user subroutine UMOONY can be used to modify
all five constants Cy;, Cyg, C;, Cyg, and C3. For viscoelastic, the additional model definition
option VISCEL MOON must be included.

The original Ogden strain energy form with N terms is

N
Hq
W= Y EA A A -3) (A6.4-3)

n=1 1

This has been enhanced to allow dilatational behavior.
N Ky —a/3 .« o P -13 2
2 a— A"+ A"+ A" =3) +45K (77 1) (A 6.4-4)

where a;, u; are material constants, and K is the bulk modulus. If no bulk modulus is given, it

is taken to be virtually incompressible. This model is different from the Mooney model in
several respects. The MOONEY option is with respect to the invariants of the right Cauchy-
Green strain tensor and implicitly assumes that the material is incompressible. The Ogden
formulation is with respect to the eigenvalues of the right Cauchy-Green strain, and the
presence of the bulk modulus implies some compressibility. Using a two-term series will result
in identical behavior as the Mooney model. The material data is given through the OGDEN
model definition option, or user subroutine UOGDEN. For viscoelastic behavior, the additional
model definition option VISCELOGDEN must be included.

Additionally, a damage model may be included with the Ogden model.

The rubber foam model which is based on Ogden formulation has a strain energy form as
follows:
N i 3
= Za—(k +k +7L"—3)+ZB - (A 6.4-5)
n=

n=1

where u,, a,, B, are material constants. The model reduces to incompressible Ogden model
when B, equals zero.

If the strain energy function expressed by Equation A 6.4-1, Equation A 6.4-3, or
Equation A 6.4-5 is not adequate, user subroutine UENERG can be used to define the strain
energy function.
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The stress may be calculated from the strain energy expressed by Equation A 6.4-6. Since it is
a nonlinear relation, you must perform an incremental procedure.

oW
s = 3E_IJ (A 6.4-6)

MARC internally calculates the stress-strain relation

Sij = LijEn (A 6.4-7)

Strain invariants in elastomers are discussed below. In the rectangular block in Figure 6.4-2,
L1, Ay, and A3 are the principal stretch ratios along the edges of the block defined by

A = (+uy) /], (A 6.4-8)

——————— Undeformed
Deformed
Figure A 6.4-2 Rectangular Rubber Block
In practice, the material behavior is (approximately) incompressible, leading to the constraint
equation

A A, = 1 (A6.4-9)

the strain invariants are defined as

I, = 7&? + xi + 7&%
I, = MAJ+ A% +A2A7 (A6.4-10)
I; = MAZAS
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The material constants for the Mooney-Rivlin form may be obtained from experimental data.
The Mooney-Rivlin form of the strain energy density function is

W = C,y (I, = 3) +Cq, (I, - 3) (A6.4-11)

For the Mooney-Rivlin model, the force and deformation for a uniaxial test specimen may be
related as

P= 2A0(1 —%)(KC10+C01) (A6.4-12)
1

where P is the force of the specimen, A is the original area of the specimen, and A is the

uniaxial stretch ratio. This equation provides a simple way to determine the Mooney-Rivlin
constants. The Mooney-Rivlin constitutive equation is applicable if the plot of

P/2A, (1 - i) (A6.4-13)

versus the stretch ratio results in an approximately straight line, as shown in Figure A 6.4-3.
If only the Young’s modulus E is supplied, and full uniaxial data are not available then

C,=20.25C,, (A 6.4-14)

is a reasonable assumption. The constants then follow from the relation:

6 (Cyy+Co) =E (A6.4-15)

o

3
2A)(1-1/2)

——
M

Figure A6.4-3 An Approximate Straight Line Using the Mooney-Rivlin Constitutive Equation
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A6.5 TIME-INDEPENDENT INELASTIC BEHAVIOR

In uniaxial tension tests of most metals (and many other materials), the following phenomena
can be observed. If the stress in the specimen is below the yield stress of the material, the
material will behave elastically and the stress in the specimen will be proportional to the strain.
If the stress in the specimen is greater than the yield stress, the material will no longer exhibit
elastic behavior, and the stress-strain relationship will become nonlinear. Figure A 6.5-1 shows
a typical uniaxial stress-strain curve. Both the elastic and inelastic regions are indicated.

Stress

Inelastic
Region

Yield
Stress

t Strain

Elastic Region
Note: Stress and Strain Are Total Quantities

Figure A 6.5-1 Typical Uniaxial Stress-Strain Curve (Uniaxial Test)

Within the elastic region, the stress-strain relationship is unique. Therefore, if the stress in the
specimen is increased (loading) from zero (point 0) to oy (point 1), and then decreased

(unloading) to zero, the strain in the specimen is also increased from zero to €;, and then

returned to zero. The elastic strain is completely recovered upon the release of stress in the
specimen. Figure A 6.5-2 illustrates this relationship.

The loading-unloading situation in the inelastic region is different from the elastic behavior. If
the specimen is loaded beyond yield to point 2, where the stress in the specimen is 6, and the

total strain is €, upon release of the stress in the specimen the elastic strain, €, is completely

recovered. However, the inelastic (plastic) strain, €5, remains in the specimen. Figure A 6.5-2

illustrates this relationship. Similarly, if the specimen is loaded to point 3 and then unloaded to

zero stress state, the plastic strain €Premains in the specimen. It is obvious that €P is not equal
p 3 p 5 q

to 813’. We can conclude that in the inelastic region:

* Plastic strain permanently remains in the specimen upon removal of stress.

 The amount of plastic strain remaining in the specimen is dependent upon the stress level
at which the unloading starts (path-dependent behavior).
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The uniaxial stress-strain curve is usually plotted for total quantities (total stress versus total
strain). The total stress-strain curve shown in Figure A 6.5-1 can be replotted as a total stress
versus plastic strain curve, as shown in Figure A 6.5-3. The slope of the total stress versus
plastic strain curve is defined as the work hardening slope (H) of the material. The work
hardening slope is a function of plastic strain.

Stress Total Strain = Plastic Strain and Elastic Strain

Yield Stress

Strain ¢

|
> 2_.P,.e
Eg eg €€ =&, +E5
5 > s 83 = eg + sg
83 53
Figure A6.5-2 Schematic of Simple Loading - Unloading (Uniaxial Test)
Total Stress
p 0
I
I
|
]
1 Plastic Strain

p
€
H = Tan 6 (Work-Hardening Siope)

= do/deP

Figure A 6.5-3 Definition of Work Hardening Slope (Uniaxial Test)

Rev. K.6 Ab6 - 23



Volume A: User Information

The stress-strain curve shown in Figure A 6.5-1 is directly plotted from experimental data. It
can be simplified for the purpose of numerical modeling. A few simplifications are shown in
Figure A 6.5-4 and are listed below:

1. Bilinear representation — constant work hardening slope

2. Elastic perfectly-plastic material — no work hardening

3. Perfectly-plastic material — no work hardening and no elastic response

4. Piecewise linear representation — multiple constant work hardening slopes
5. Strain-softening material — negative work hardening slope

In addition to elastic material constants (Young’s modulus and Poisson’s ratio), it is essential
to be concerned with yield stress and work hardening slopes in dealing with inelastic (plastic)
material behavior. These quantities vary with parameters such as temperature and strain rate,
further complicating the analysis. Since the yield stress is generally measured from uniaxial
tests, and the stresses in real structures are usually multiaxial, the yield condition of a multiaxial
stress state must be considered. The conditions of subsequent yield (work hardening rules)
must also be studied.

/

€
(1) Bilinear Representation (2) Elastic-Perfectly Plastic

o o

€ €
(3) Perfectly Plastic (4) Piecewise Linear Representation
o

(5) Strain Softening

Figure A6.5-4 Simplified Stress-Strain Curves (Uniaxial Test)
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Yield Conditions

The yield stress of a material is a measured stress level that separates the elastic and inelastic
behavior of the material. The magnitude of the yield stress is generally obtained from a uniaxial
test. However, the stresses in a structure are usually multiaxial. A measurement of yielding for
the multiaxial state of stress is called the yield condition. Depending on how the multiaxial state
of stress is represented, there can be many forms of yield conditions. For example, the yield
condition can be dependent on all stress components, on shear components only, or on
hydrostatic stress. A number of yield conditions are available in the MARC program, and are
discussed in this section.

von Mises Yield Condition

Although many forms of yield conditions are available, the von Mises criterion is the most
widely used. The success of the von Mises criterion is due to the continuous nature of the
function that defines this criterion and its agreement with observed behavior for the commonly
encountered ductile materials. The von Mises criterion states that yield occurs when the
effective (or equivalent) stress (oy) equals the yield stress (o) as measured in a uniaxial test.

Figure A 6.5-5 shows the von Mises yield surface in two-dimensional and three-dimensional
stress space.

o2
Yield
Surface
o1l
Elastic
Region
(a) Two-Dimensional Stress Space (b) n-Plane
Figure A6.5-5 von Mises Yield Surface
1. For an isotropic material
_ 2 2 2. 172
6= [(6,-0,)"+(0,-6,)°+ (6,-6)%1 /2 (A6.5-1)

where 61, 0, and 63 are the principal stresses.

o can also be expressed in terms of non-principal stresses.

(0= [(ox—oy)2+ (oy—cz)2+ (oz—ox)2+6(tiy+‘c§z+tfx)] l/2)/«/5 (A6.5-2)
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2. The anisotropic yield function (of Hill) and stress potential are assumed as
G = [a,(0,-0,)%+2,(0,-0,)" +ay(0, - 0,)* + 3,7, + 35T + 3,7, ] N (A6.5-3)

where o is the equivalent tensile yield stress for isotropic behavior.

Ratios of actual to isotropic yield (in the preferred orientation) are defined in the array YRDIR
for direct tension yielding, and in YRSHR for yield in a shear (the ratio of actual shear yield to

c/.3 isotropic shear yield). Then the a; above are defined by:
1 1 1

81 T YRDIR (2) 2+YRDIR(3)** 2 YRDIR (1) ** 2 (A6.5-4)
" = 1 N 1 _ ! (A6.5-5
27 YRDIR(3)** 2 YRDIR(1)** 2 YRDIR(2)** 2 3-3)
a, = L + L -~ L (A 6.5-6)
37 YRDIR(1)** 2 YRDIR(2)** 2 YRDIR (3)** 2 ‘

a, = 2 (A 6.5-7)
47 YRSHR (3) ** 2 e
ac = 2 (A 6.5-8)
57 YRSHR (2) ** 2 e
ag = 2 (A 6.5-9)

YRSHR (1) ** 2

For isotropic material, the von Mises yield condition is the default condition in MARC. The
yield stress oy is defined in the ISOTROPIC and ORTHOTROPIC options.

For anisotropic material, use model definition options ORTHOTROPIC or ANISOTROPIC to
indicate the anisotropy. Use the ORTHOTROPIC option or the user subroutine ANPLAS for the
specification of anisotropic yield condition (constants a; through ag, as defined above), and the

model definition option ORIENTATION or, the user subroutine ORIENT, if necessary to specify
preferred orientations.

Mohr-Coulomb Material (Hydrostatic Yield Dependence)

The MARC program includes options for elastic-plastic behavior based on a yield surface that
exhibits hydrostatic stress dependence. Such behavior is observed in a wide class of soil and
rock-like materials. These materials are generally classified as Mohr-Coulomb materials
(generalized von Mises materials). Ice is also thought to be a Mohr-Coulomb material. The
generalized Mohr-Coulomb behavior implemented in MARC was developed by Drucker and
Prager. There are two types of Mohr-Coulomb materials: linear and parabolic. Each is
discussed on the following pages.
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Linear Mohr-Coulomb Material

The deviatoric yield function, as shown in Figure A 6.5-6, is assumed to be a linear function of
the hydrostatic stress.

f=al+1,°-6/3=0 (A6.5-10)
where

J, = o, (A6.5-11)

I, = 1o o ‘=G —18 A6.5-12

2= 3040 Gij = Gij ~ 3%;%k«k (A6.5-12)

Analysis of linear Mohr-Coulomb material based on the constitutive description above is
available in MARC through the ISOTROPIC model definition option. Through the ISOTROPIC
option, the values of ¢ and o are entered. Note that, throughout the program, the convention
that the tensile direct stress is positive is maintained, contrary to its use in many soil mechanics
texts .

Yield Envelope

9
| [e)
|
!
|
I
|
|
l Oy * O,
" SR
Figure A6.5-6 Yield Envelope of Plane Strain (Linear Mohr-Coulomb Material)
The constants o and o may be related to ¢ and ¢ by
B c _ 3a o A6.5.1
c = VL 21/2—smq> (A 6.5-13)
3(1-12a%) (1-30%)

where c is the cohesion and ¢ is the angle of friction.
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Parabolic Mohr-Coulomb Material

The hydrostatic dependence is generalized to give a yield envelope which is parabolic in the
case of plane strain (see Figure A 6.5-7).

1/2
f= (3J,+36J,) -6 =0 (A 6.5-14)

The parabolic yield surface is obtained in MARC through the ISOTROPIC definition option.
Enter the values 6 and B through the model definition option ISOTROPIC.

where
2 04
& =3(*-%) b= 7
3 3(3c-0?))
(3 (A 6.5-15)

where c is the cohesion.

N

l-— Ox *9y ——o-n—c_-—-l
2 « |

Figure A6.5-7 Resultant Yield Condition of Plane Strain (Parabolic Mohr- Coulomb Material)
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Powder Material

Some materials, during certain stages of manufacturing are granular in nature. In particular,
powder metals are often used in certain forging operations and during hot isostatic pressing
(HIP). These material properties are now functions of both the temperature and the
densification. It should be noted that the soil model discussed in Chapter 4 also exhibits some
of these characteristics. In the model incorporated into MARC, a unified viscoplastic approach
is used. The yield function is

172

1(3_,_, p2
F = ?(icij o;; +l—3§) -0, (A6.5-16)

where oy is the uniaxial yield stress, 6” is the deviatoric stress, and p is the hydrostatic pressure.
Y, P are material parameters.

oy may be a function of temperature and relative density, v, B are functions only of relative
density.

Typically, we allow:

Ay

— a3
B=(q+qyp )b (A6.5-17)

4
Y= (b, +b,p™)

where p is the relative density.

As the powder becomes more dense, p approaches 1 and the classical von Mises model is
recovered. '

It should be noted that the elastic properties are also functions of relative density. In particular,
as the material becomes fully dense the Poisson’s ration approaches .5.

As most processes involving powder materials are both pressure and thermally driven, it may
be necessary to perform a coupled analysis. The MARC program also allows you to specify
density effects for the thermal properties, conductivity and specific heat. The basic input data
is entered through the POWDER option. In addition to the TEMPERATURE EFFECTS option,
there is also a DENSITY EFFECTS option. The initial relative density is entered through the
RELATIVE DENSITY option.

Note that this material may undergo both large shear and volumetric strains. The LARGE DISP,
UPDATE, and FINITE OPTIONS should also be used. In HIP processes, the can would typically
be modelled using a conventional elastic plastic material law. Additionally, the FOLLOW FOR
option would be used to ensure that the pressure remain normal to the deformed material.
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S:S
24252

Figure A 6.5-8 Yield Function of Shima Model

Oak Ridge National Laboratory Options

In the MARC program, the ORNL options are based on the definitions of ORNL-TM- 3602 [1]
for stainless steels and ORNL recommendations [2] for 2 1/4 Cr-1 Mo steel.

The initial yield stress should be used for the initial inelastic loading calculations for both the
stainless steels and 2 1/4 Cr-1 Mo steel. The 10th- cycle yield stress should be used for the
hardened material. The 100th-cycle yield stress must be used in the following circumstances:

1. To accommodate cyclic softening of 2 1/4 Cr-1 Mo steel after many load cycles
2. After a long period of high temperature exposure
3. After the occurrence of creep strain

To enter initial and 10th-cycle yield stresses, use the model definition option ISOTROPIC or
ORTHOTROPIC.

Effects on Yield Stress

This section describes the MARC program capabilities with respect to the effect of temperature
and strain rate.

The MARC program allows you to input a temperature-dependent yield stress. To enter the
yield stress at a reference temperature, use the model definition options ISOTROPIC or
ORTHOTROPIC. To enter variations of yield stress with temperatures, use the model definition
options TEMPERATURE EFFECTS and ORTH TEMP. Repeat the model definition options
TEMPERATURE EFFECTS and ORTHO TEMP for each material, as necessary. The effect of
temperatures on yielding is discussed further in Section 6.5, in “Constitutive Relations.”

The program allows you to enter a strain rate dependent yield stress, for use in dynamic and
flow (e.g., extrusion) problems. To use the strain rate dependent yield stress in static analysis,
enter a fictitious time using the TIME STEP option. The zero-strain-rate yield stress is given on
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the ISOTROPIC or ORTHOTROPIC options. Repeat the model definition option STRAIN RATE for
each different material where strain rate data are necessary. Refer to Section 6.5 in
“Constitutive Relations,” for more information on the strain-rate effect on yielding.

Work Hardening Rules

In a uniaxial test, the work hardening slope is defined as the slope of the stress-plastic strain
curve. The work hardening slope relates the incremental stress to incremental plastic strain in
the inelastic region and dictates the conditions of subsequent yielding. A number of work
hardening rules (isotropic, kinematic and combined) are available in MARC. A description of
these work hardening rules is given below. The uniaxial stress-plastic strain curve may be
represented by a piecewise linear function through the WORK HARD option. As an alternative,
you can specify work hardening through the user subroutine WKSLP.

There are two methods to enter this information, using the WORK HARD option. In the first
method, you must enter work hardening slopes for uniaxial stress data as a change in stress per
unit of plastic strain (see Figure A 6.5-9) and the plastic strain at which these slopes become
effective (breakpoint).

T-------------------- '
Ac2 Y l’
Stress B S — / ¥
T / / /
Ao , ’
g , /
/ / K
/ / /
EﬁE AE ,'_lIE
/ /
P t Strain
»Asr —<—A£2P —> A53 "l

Figure A6.5-9 Work Hardening Slopes
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Slope Breakpoint
Aol
_ 0.0
Ae?
Ac
—s Ae®
Ae2
Ao3
S Ae‘l’ + As‘z’
Ag?
3
and so on.

NOTE
g A

The slopes of the work hardening curves should be based on a plot of the
stress versus plastic strain for a tensile test. The elastic strain
components of the stress-strain curve should not be included. The first
breakpoint of the work hardening curve should be 0.0.

N /

In the second method, you enter a table of yield stress, plastic strain points. This option is
flagged by adding the word DATA to the WORK HARD statement.

NOTE
4 A

The data points should be based on a plot of the stress versus plastic
strain for a tensile test. The elastic strain components should not be
included. The first plastic strain should equal 0.0 and the first stress

should agree with that given as the yield stress in the ISOTROPIC or
ORTHOTROPIC options.
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Isotropic Hardening

The isotropic work hardening rule assumes that the center of the yield surface remains
stationary in the stress space, but that the size (radius) of the yield surface expands, due to work
hardening. The change of the von Mises yield surface is plotted in Figure A 6.5-10b.

A review of the load path of a uniaxial test that involves both the loading and unloading of a
specimen will assist in describing the isotropic work hardening rule. The specimen is first
loaded from stress free (point 0) to initial yield at point 1, as shown in Figure A 6.5-10a. It is
then continuously loaded to point 2. Then, unloading from 2 to 3 following the elastic slope E
(Young’s modulus) and then elastic reloading from 3 to 2 takes place. Finally, the specimen is
plastically loaded again from 2 to 4 and elastic unloaded from 4 to 5. Reverse plastic loading
occurs between 5 and 6.

It is obvious that the stress at 1 is equal to the initial yield stress oy and stresses at points 2 and
4 are higher than oy, due to work hardening. During unloading, the stress state can remain

elastic (e.g., point 3) or it can reach to a subsequent (reversed) yield point (e.g., point 5). The
isotropic work hardening rule states that the reverse yield occurs at current stress level in the
reversed direction. Let o4 be the stress level at point 4. Then, the reverse yield can only take

place at a stress level of -64 (point 5).

The isotropic work hardening model (with a work slope of 0) is the default option in MARC.
To explicitly specify the isotropic hardening option in MARC, use model definition options
ISOTROPIC or ORTHOTROPIC. To input work hardening slope data, use the WORK HARD option
or user subroutine WKSLP.

For many materials, the isotropic work hardening model is inaccurate if unloading occurs (as
in cyclic loading problems). For these problems, the kinematic hardening model or the
combined hardening model represents the material better.

Kinematic Hardening

Under the kinematic hardening rule, the von Mises yield surface does not change in size or
shape, but the center of the yield surface can move in stress space. Figure A 6.5-11b illustrates
this condition.

The loading path of a uniaxial test is shown in Figure A 6.5-11a. The specimen is loaded in the
following order: from stress free (point 0) to initial yield (point 1), 2 (loading), 3 (unloading),
2 (reloading), 4 (loading), 5 and 6 (unloading). As in isotropic hardening, stress at 1 is equal to
the initial yield stress Oy, and stresses at 2 and 4 are higher than Oy, due to work hardening. Point

3 is elastic, and reverse yield takes place at point 5. Under the kinematic hardening rule, the
reverse yield occurs at the level of o5 = (o4 - 20y), rather than at the stress level of -o,.

Similarly, if the specimen is loaded to a higher stress level o7 (point 7), and then unloaded to
the subsequent yield point 8, the stress at point 8 is og = (07 - 20y). If the specimen is unloaded
from a (tensile) stress state (such as point 4 and 7), the reverse yield can occur at a stress state
in either the reverse (point 5) or the same (point 8) direction.

To invoke the kinematic hardening in MARC, use the model definition options ISOTROPIC or
ORTHOTROPIC. To input work hardening slope data, use the WORK HARD option or user
subroutine WKSLP.

For many materials, the kinematic hardening model gives a better representation of loading/
unloading behavior than the isotropic hardening model. For cyclic loading, however, the
kinematic hardening model can represent neither cyclic hardening nor cyclic softening.
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(a) Loading Path

(b) von Mises Yield Surface

Figure A 6.5-10 Schematic of Isotropic Hardening Rule (Uniaxial Test)
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Combined Hardening

Figure A 6.5-12 shows a material with highly nonlinear hardening. Here, the initial hardening
is assumed to be almost entirely isotropic, but after some plastic straining, the elastic range
attains an essentially constant value (i.e., pure kinematic hardening). The basic assumption of
the combined hardening model is that such behavior is reasonably approximated by a classical
constant kinematic hardening constraint, with the superposition of initial isotropic hardening.
The isotropic hardening rate eventually decays to zero as a function of the equivalent plastic
strain measured by

1/2
_ ~p 2.p.
& = je dt = j(gegeg) dt (A 6.5-18)

This implies a constant shift of the center of the elastic domain, with a growth of elastic domain
around this center until pure kinematic hardening is attained. In this model, there is a variable
proportion between the isotropic and kinematic contributions that depends on the extent of

plastic deformation (as measured by €P).

Use model definition options ISOTROPIC or ORTHOTROPIC to activate the combined work
hardening option in MARC. Use the WORK HARD option or user subroutine WKSLP to input
work hardening slope data.

The work hardening data at small strains governs the isotropic behavior, and the data at large
strains governs the kinematic hardening behavior. If the last work hardening slope is zero, the
behavior will be the same as the isotropic hardening model.

Flow Rule

Yield stress and work hardening rules are two experimentally related phenomena that
characterize plastic material behavior. The flow rule is also essential in establishing the
incremental stress-strain relations for plastic material. The flow rule describes the differential

changes in the plastic strain components deP as a function of the current stress state.

The Prandtl-Reuss representation of the flow rule is available in MARC.

P _ _pao -
de’ = de 3 (A 6.5-19)

where deP and o are equivalent plastic strain increment and equivalent stress, respectively.

The significance of this representation is illustrated in Figure A 6.5-12. This figure illustrates
the “stress-space” for the two-dimensional case. The solid curve gives the yield surface (locus
of all stress states causing yield) as defined by the von Mises criterion.

Equation A 6.5-19 expresses the condition that the direction of inelastic straining is normal to
the yield surface. This condition is called either the normality condition or the associated flow
rule.

If the von Mises yield surface is used, then the normal is equal to the deviatoric stress.
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(a) Loading Path

o1 o2

(b) von Mises Yield Surface

Figure A 6.5-11 Schematic of Kinematic Hardening Rule (Uniaxial Test)
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Constitutive Relations

This section presents the constitutive relation that describes the incremental stress-strain
relation for an elastic-plastic material. The material behavior is governed by the incremental
theory of plasticity, the von Mises yield criterion, and the isotropic hardening rule.

Let the work hardening coefficient H be expressed as
H = dG/de’ (A 6.5-20)

and the flow rule be expressed as

do
P _ 4gP -
de’ = de {d } (A 6.5-21)

Consider the differential form of the familiar stress-strain law, with the plastic strains
interpreted as initial strains

do = Cde - CdeP (A 6.5-22)

After substitution of Equation A 6.5-21, this becomes

oG . _
—deP (A 6.5-23)

do = Cde—CaG

do
Multiplying through by is

i)Edcs = a—GCds— a_cci)g
00

jod oCyod®  (A6.5-24)

and, with use of Equation A 6.5-20 in place of the left-hand side,

RIo] 0G 00
Hde? = —Cde - —C~—

r 3o acd?:p (A 6.5-25)

By rearrangement

JG
%Cde
p_ 95 )
dg =35 (A 6.5-26)
*3¢% 30
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Finally, by substitution of this expression into Equation A 6.5-24, we obtain

do = L*Pde (A 6.5-27)
where
L® = Cc-LP (A 6.5-28)

with [C®] the conventional elastic material stiffness matrix and

C g% 3% C
LP = e 55 (A 6.5-29)
[H+%(C %)}

L = C (A 6.5-30)

Observe that L°P and LP are symmetric, and the case of perfect plasticity, where H = 0, causes
no difficulty.

Temperature Effects

This section discusses the effects of temperature-dependent plasticity on the constitutive
relation.

The following constitutive relations for thermo-plasticity were developed by N aghdi.
Temperature effects are discussed using the isotropic hardening model and the von Mises yield
condition.

The stress rate can be expressed in the form

6 = Ly +hyT (A6.5-31)

For elastic-plastic behavior, the moduli Ly are

¢’ o C .)7d (A 6.5-32)

Lijkl = Cijkl_ (C pq Pkl

ijmn

and for purely elastic response

Lij = Cijkl (A 6.5-33)
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The term that relates the stress increment to the increment of temperature for elastic-plastic
behavior is

, 2_0G

hy = Xj; = Cija® = (Cija0'y (054X pq ~ 35 57) ) /d (A 6.5-34)
and for purely elastic response

Hy; = Xjj = Cj % (A 6.5-35)
where

4 5 G ,
and
aC..
Xy = = & (A6.5-37)

and oy are the coefficients of thermal expansion.

Strain Rate Effects
This section discusses the influence of strain rate on the elastic-plastic constitutive relation.

Strain rate effects cause the structural response of a body to change because they influence the
material properties of the body. These material changes lead to an instantaneous change in the
strength of the material. Strain rate effects become more pronounced for temperatures greater
than half the melting temperature (T,,). The following discussion explains the effect of strain

rate on the size of the yield surface.

Using the von Mises yield condition and normality rule, we obtain an expression for the stress
rate of the form

0 = Liju€a* r;;€° (A 6.5-38)

For elastic-plastic response

Litg = Cijia = (CijmnO mnO pqCpaxt) /4 (A 6.5-39)
and

fy = Cijmn® mn %6 z—z /d (A 6.5-40)
where

d= g&zg +6",Cija (A6.5-41)
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A6.6 TIME-DEPENDENT INELASTIC BEHAVIOR

Force-displacement relationships vary in different material models. A perfectly elastic material
and a perfectly viscous material can be represented by a spring and a dashpot, respectively (as
shown in Figure A 6.6-1). In a perfectly elastic material, the deformation is proportional to the
applied load. In a perfectly viscous material, the rate of change of the deformation over time is
proportional to the load.

SPRING DASHPOT
f=ku f=1u
f = Force f = Force
u = Displacement U = Velocity (Time Rate of

Change of Displacement)

k = Spring Stiffness M = Viscosity of the Dashpot

Figure A6.6-1 Perfectly Elastic (Spring) and Viscous (Dashpot) Materials

In the class of viscoelastic and creeping materials, the application of a constant load is followed
by a deformation, which may be made up of an instantaneous deformation (elastic effect)
followed by a continual deformation with time (viscous effect). Eventually it may become pure
viscous flow. Continued deformation under constant load is termed creep (see Figure A 6.6-2).
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¢ (Strain)

1

0 + t (Time)

0A - Instananeous Elastic Effect
AB - Delayed Elastic Effect
BC - Viscous Flow

Figure A6.6-2 The Creep Curve

A viscoelastic material may be subjected to sudden application of a constant deformation. This
results in an instantaneous proportional load (elastic effect), followed by a gradual reduction of
the required load with time, until a limiting value of the load is attained. The decreasing of load
for a constant deformation, is termed relaxation (see Figure A 6.6-3).

Viscoelastic and creeping materials can be represented by models consisting of both springs
and dashpots because the material displays both elastic effects and viscous effects. This implies
that the material either continues to flow for a given stress, or the stress decreases with time for
a given strain. The measured relation between stress and strain is generally very complex.

Two models that are commonly used to relate stress and strain are the Maxwell and Kelvin
(Voigt or Kelvin-Voigt) models. A description of these models is given below.

The mathematical relation which holds for the Maxwell solid is

£=006+po (A6.6-1)
In the one-dimensional case for normal stress

o= L
" E
(A 6.6-2)

1
n
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o (Stress)
L ]

0 - t (Time)
Figure A6.6-3 The Relaxation Curve

This relation may be depicted as a spring and dashpot in series, as shown in Figure A 6.6-4.
The integration of Figure A 6.6.6-1 yields

(o) (0}
e=g+ j ﬁdt (A 6.6-3)

0‘———.—AMAAM' P e}

Figure A6.6-4 Maxwell Solid

The strain and stress responses of the Maxwell Solid model are shown in Figure A 6.6-5 and
Figure A 6.6-6, respectively.
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- t > t

Constant Stress Applied Response to Constant Stress

Figure A6.6-5 Strain Response to Applied Constant Stress (Maxwell Solid)

e

Constant Strain Applied Response to Constant Strain

Figure A6.6-6 Stress Response to Applied Constant Strain (Maxwell Solid)

The mathematical relation which holds for the Kelvin (Voigt or Kelvin-Voigt) solid is

c = ae+Pe (A6.6-4)
This equation is depicted as a spring and dashpot in parallel. (See Figure A 6.6-7). When $ =0
(no dashpot), the system is a linearly elastic system in which o= E, the elastic modulus.

When E = 0 (no spring), the “solid” obeys Newton’s equation for a viscous fluid and B =m, the
viscous coefficient. Thus, we can rewrite Equation A 6.6-4 in the form

c = Ee+né (A6.6-5)

In the above relation, we have considered one-dimensional normal stress and strain. The
relation holds equally well for shear stress T and shear strain y in which o = G, the shear
modulus, and B =m, the viscous coefficient. Equation A 6.6-4 may be rewritten as

T = Gy+ny (A 6.6-6)
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n
Figure A6.6-7 Kelvin (Voigt or Kelvin-Voigt) Solid

The strain responses of the Kelvin Solid model are depicted in Figure A 6.6-8. For multiaxial
situations, these equations can be generalized to tensor quantities.

To invoke the Maxwell model, use the CREEP parameter. The creep strain can be specified as
either devi<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>